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Abstract
We study new physics effects on the couplings of weak gauge bosons with the lightest CP-even
Higgs boson (h), hZZ, and the tri-linear coupling of the lightest Higgs boson, hhh, at the one
loop order, as predicted by the two Higgs doublet model. Those renormalized coupling constants
can deviate from the Standard Model (SM) predictions due to two distinct origins; the tree level
mixing effect of Higgs bosons and the quantum effect of additional particles in loop diagrams. The
latter can be enhanced in the renormalized hhh coupling constant when the additional particles
show the non-decoupling property. Therefore, even in the case where the hZZ coupling is close to
the SM value, deviation in the hhh coupling from the SM value can become as large as plus 100
percent, while that in the hZZ coupling is at most minus 1 percent level. Such large quantum
effect on the Higgs tri-linear coupling is distinguishable from the tree level mixing effect, and is
expected to be detectable at a future linear collider.
1 E-mail: kanemu@het.phys.sci.osaka-u.ac.jp
2 E-mail: yasuhiro.okada@kek.jp
3 E-mail: senaha@post.kek.jp
4 E-mail: yuan@pa.msu.edu
1
I. INTRODUCTION
In the standard picture of elementary particle physics, the electroweak gauge symmetry is
spontaneously broken by introducing an iso-doublet scalar field, the Higgs field. Its neutral
component receives the vacuum expectation value. Consequently, the gauge bosons and the
matter fields obtain their masses through the couplings with the Higgs scalar field.
Identification of the Higgs boson is one of the most important goals of high energy col-
lider experiments. The fit by LEP Electroweak Working Group favors a relatively light
Higgs boson with its mass below 251 GeV, assuming the Standard Model (SM)[1]. The
search for the Higgs bosons is being carried at Fermilab Tevatron and will be continued
at CERN Large Hadron Collider (LHC). There the SM Higgs boson is expected to be dis-
covered as long as its mass is less than 1 TeV. In order to verify the mechanism of mass
generation, the Higgs boson couplings with gauge bosons as well as fermions have to be
determined with sufficient accuracy. Moreover, precise determination of the self-coupling
constant of the Higgs boson is essential to determine the structure of the Higgs potential.
An electron-positron (e−e+) linear collider (LC), such as GLC[2], TESLA[3] or NLC[4] and
its photon-photon (γ-γ) collider option, can provide an opportunity for the precise measure-
ment of the Higgs boson couplings. At LC’s, the Higgs boson (h) is produced mainly via the
Higgsstrahlung process e+e− → Zh for relatively low energies and also via the fusion pro-
cess e+e− →W+∗W−∗νν¯ → hνν¯ for higher energies[5]. In both production mechanisms, the
Higgs boson is produced through the coupling with weak gauge bosons. The cross sections
are expected to be measured at a percent level or better unless the Higgs boson is relatively
heavy. The Higgs boson couplings with heavy quarks (except the top quark) and the tau
lepton can be tested by measuring the decay branching ratios of the Higgs boson. Further-
more, the tri-linear coupling of the Higgs boson hhh[6, 7, 8, 9, 10, 11, 12, 13, 14, 15] and the
top-Yukawa coupling htt¯ can be determined by measuring the cross section of double Higgs
production processes[16, 17, 18] e+e− → Zhh as well as e+e− → W+∗W−∗νν¯ → hhνν¯ and
the top-associated Higgs production process[19] e+e− → htt¯, respectively. The γγ option of
the LC can also be useful for the Higgs self-coupling measurement[20].
Studying the Higgs sector is not only useful for the confirmation of the breaking mech-
anism of the electroweak gauge symmetry, but also provides a sensitive window for new
physics beyond the SM. In fact, in many models of new physics an extended Higgs sector
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appears as the low energy effective theory, which has discriminative phenomenological prop-
erties. One popular example is known to be the minimal supersymmetric standard model
(MSSM)[21], in which the Higgs sector is a two Higgs doublet model (THDM). Some models
of the dynamical breaking of the electroweak symmetry also induce more than one Higgs
doublets in their low energy effective theories[22]. There are other motivations to introduce
extra Higgs fields, such as electroweak baryogenesis[23], top-bottom mass hierarchy[24], and
neutrino mass problem[25].
A common feature of extended Higgs sectors is the existence of additional scalar bosons,
such as charged Higgs bosons and CP-odd Higgs boson(s). After the discovery of the lightest
Higgs boson, direct search of these extra scalar particles would become important to distin-
guish new physics models from the SM. Even if the extra Higgs bosons are not found, we can
still obtain insight by looking for indirect effects of the extra Higgs boson from the precise
determination of the lightest Higgs boson properties[26]. For example, the mass, width,
production cross sections and decay branching ratios of the lightest Higgs boson should be
thoroughly measured to test whether or not these data are consistent with the SM. The
existence of extra Higgs bosons can affect the observables associated with the lightest Higgs
boson through both the tree level mixing effect and the quantum loop effect. In this way,
we might find clues to new physics before finding the extra Higgs bosons from the direct
search experiments.
In this paper, we evaluate the Higgs coupling with the gauge boson hZZ and the Higgs
self-coupling hhh at one loop level in the THDM, in order to study the impact of the extra
Higgs bosons on the coupling associated with the lightest Higgs boson (h). In Refs. [13,
14], the one loop contributions of additional Higgs bosons and heavy quarks to the hhh
coupling are discussed in the limit where only h is responsible for the electroweak symmetry
breaking (in the SM-like limit). The calculation has been done both in the effective potential
method and in the diagrammatic method, but details of the calculation were not shown.
In the present paper, we will show the details of our calculation, in which the on-shell
renormalization scheme[27] is adopted. In addition, new particle effects on the form factors
of the hZZ coupling are also evaluated. Furthermore, we also extend our discussion in
Refs. [13, 14] for the case of the SM-like limit to more generic cases.
In the THDM, masses of the heavy Higgs bosons can come from two kinds of contribu-
tions: the vacuum expectation value v (≃ 246 GeV) and the gauge invariant mass term.
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When the heavy Higgs boson mass is predominantly generated by v, contributions in powers
of the mass of the loop particles can appear in the one loop effect couplings of hZZ and hhh.
They are quadratic for the hZZ coupling and quartic for the hhh coupling[13, 14]. In this
case, relatively large quantum correction is expected in the hhh vertex, especially when the
particle in the loop is heavy. Although similar non-decoupling loop effects can also appear in
the THDM[28] in the processes of h→ γγ[29, 30], h→ bb¯[30], e+e− →W+W−[31] and those
with the coupling W±H∓V (V = Z, γ)[32], the quartic power contribution of the mass is a
unique feature of the hhh coupling. These observables can receive large quantum corrections
due to the non-decoupling effects. On the contrary, when the heavy Higgs bosons obtain
their masses mainly from the other source, such power-like contribution disappears and the
one loop effects vanish in the large mass limit. The Higgs sector of the MSSM belongs to
this case.
At the tree level, both the hZZ and hhh coupling constants of the THDM can largely
deviate from the SM values due to the Higgs mixing effect. The hZZ coupling is given by
the multiplication of the factor sin(β − α) to the SM coupling constant, where tanβ is the
ratio of the vacuum expectation values and α is the mixing angle between CP-even Higgs
bosons. In the limit of sin(β − α) = 1, where the hZZ coupling recovers the SM value, the
hhh coupling also approaches to the SM prediction for a given mass of the Higgs boson h.
We study how this correlation can be changed by the one loop corrections.
We evaluate the one loop effects due to additional Higgs bosons as well as the top quark
under the constraint from the perturbative unitarity[33, 34, 35] and the vacuum stability[36].
The constraint from the available precision data such as the ρ parameter constraint is also
taken into account[37, 38].
The one loop effect on the hZZ coupling can be as large as (minus) one percent of the SM
coupling in the wide range of parameter space. This shows that a larger negative deviation
can only be realized due to the Higgs mixing effect, i.e., the effect of the factor sin(β−α). If
the observed hZZ coupling agrees with the SM prediction within the 1% accuracy, we may
not be able to distinguish the quantum effect from the tree level mixing effect.
The deviation in the hhh coupling can be as large as (plus) 100 percent for the mass
of h to be around 120 GeV due to the non-decoupling quantum effect of the heavy extra
Higgs bosons. This happens even in the SM-like limit, sin(β − α) → 1. Such magnitude
of the deviation is larger than the experimental accuracy that is expected to be 10-20 %
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at LC’s[6, 7, 8], and can be experimentally detected. Therefore, the combination of precise
measurements of the hZZ and hhh couplings can be useful to explore the structure of the
Higgs sector.
In Sec. II, the form factors of hZZ coupling and hhh coupling are defined, and the SM
contribution to them is briefly discussed. In Sec. III, the general feature of the THDM
is summarized, and the renormalization scheme of the THDM is defined. The one loop
contributions to the form factors of the hZZ and hhh couplings are calculated in Sec. IV.
The analytic properties of the loop corrections are discussed in Sec. V, and the numerical
evaluation is shown in Sec. VI. Sec. VII contains our conclusions. For completeness, we also
present the details of our calculation in the Appendices.
II. THE hZZ AND hhh COUPLINGS IN THE SM
Before showing the calculation of the form factors in the THDM, it is instructive to
discuss the top-quark loop effect on the hZZ and hhh couplings in the SM. One can find a
simple example of the non-decoupling effect in the top-quark loop contribution. It is also
useful as technical introduction to the calculation in the THDM. In Appendix A, we show
details of the top-quark one loop contribution to the hZZ and hhh couplings in the SM.
The most general form factors of the hZZ coupling can be written as
MµνhZZ =M
hZZ
1 g
µν +MhZZ2
pν1p
µ
2
m2Z
+MhZZ3 iǫ
µνρσ
p1ρp2σ
m2Z
, (1)
where mZ is the mass of the Z boson, p1 and p2 are the momenta of incoming Z bosons,
and we define gµν = diag(1,−1,−1,−1) and ǫ0123 = −1. The tri-linear hhh coupling of the
Higgs boson is parameterized by
Lself = + 1
3!
Γhhhh
3. (2)
In the SM, the lowest order contributions to the form factors MhZZ1−3 and Γhhh are given by
M
hZZ(tree)
1 =
2m2Z
v
, M
hZZ(tree)
2 =M
hZZ(tree)
3 = 0, (3)
Γtreehhh = −
3m2h
v
, (4)
where mh is the mass of the Higgs boson.
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Let us consider the loop contribution of the top quark to these form factors. Details of
calculation are presented in Appendix A. From the naive power counting, it is understood
that MhZZ1 receives the highest power contribution of the top quark mass among the form
factors of hZZ vertex MhZZi (i = 1−3). The leading one loop contribution of the top quark
to the form factor MhZZ1 is calculated as
MhZZ1 (p
2
1, p
2
2, p
2
3) =
2m2Z
v
[
1− 1
16π2
5
2
m2t
v2
{
1 +O
(
m2h
m2t
,
p2i
m2t
)}]
, (5)
where mt is the mass of the top quark, pi (i = 1− 3) represent the momenta of the external
lines. The leading top quark contribution to MhWW1 is the same as that to M
hZZ
1 , because
of the isospin symmetry. Both have the quadratic power contribution of the top quark mass.
On the other hand, the leading contribution of the top quark to the self-coupling constant
is calculated[14] as
Γhhh(p
2
1, p
2
2, p
2
3) = −
3m2h
v
[
1− 1
16π2
16m4t
v2m2h
{
1 +O
(
m2h
m2t
,
p2i
m2t
)}]
. (6)
The top-quark contribution is quartic in mass, so that we expect larger corrections to the
hhh coupling than the correction to hZZ vertices by the enhancement factor of (32/5)m2t/m
2
h
especially when mh < mt. Eq. (6) shows that the leading contribution of the top quark loop
deviates the hhh form factor from the tree level value by about −12% for mt = 178 GeV
and mh = 120 GeV. The quartic dependence of the top quark mass is also reproduced easily
in the effective potential method as shown in Appendix A2.
At the future collider experiment, the hhh coupling will be measured via the double
Higgs production processes, where at least one of the three legs of the hhh vertex is off-shell.
Thus the momentum dependence in the hhh form factor is important. In Fig. 1, the top
quark loop contribution to the effective hhh coupling Γhhh(q
2) is shown as a function of the
invariant mass (
√
q2) of the virtual h boson for mh = 100, 120 and 160 GeV. Γhhh(q
2)(≡
Γhhh(m
2
h, m
2
h, q
2)) is evaluated from Eq. (A34) in Appendix A1. In the small
√
q2 limit
(
√
q2 → 0), the correction due to the top quark loop is negative and approaches to the similar
value estimated from Eq. (6). However, such a value of
√
q2 is lower than the the threshold
2mh of the subprocess h
∗ → hh, and kinematically not allowed. We find that the top-quark
loop effect strongly depends on
√
q2, because the threshold enhancement at
√
q2 = 2mt
contributes an opposite sign to the quartic mass term contribution. The correction changes
the sign when
√
q2 is somewhere between 2mh and 2mt. The enhancement due to the top-
pair threshold is maximum at the point just after the threshold of the top pair production.
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FIG. 1: The one-loop contribution of the top quark to the effective hhh coupling as a function
of
√
q2, where qµ is the momentum of the off-shell h boson in h∗ → hh. ∆Γloophhh(q2) is defined by
Γhhh(q
2)− Γtreehhh in the SM.
III. THE TWO HIGGS DOUBLET MODEL
In this section, we give a brief review of the THDM to make our notation clear and
to prepare some tree level formulas, which will be used for the one loop calculation in
the next section. We consider the model with a (softly-broken) discrete symmetry under
the transformation Φ1 → Φ1 and Φ2 → −Φ2, where Φi are the Higgs iso-doublets with
hypercharge 1
2
. This discrete symmetry ensures the natural suppression of flavor changing
neutral current at tree level. Two types of Yukawa interaction are then possible; i.e., so-
called Model I and Model II[21]. In Model I, only Φ2 is responsible for generating masses
for all quarks and charged leptons, whereas in Model II ,Φ1 generates masses of down-type
quarks and charged leptons and Φ2 gives masses of up-type quarks. In our analysis, Model
II Yukawa interaction is assumed throughout this paper. Later, we will comment on the
case that Model I is considered.
The Higgs potential is given by[21]
VTHDM = m
2
1 |Φ1|2 +m22 |Φ2|2 −m23
(
Φ†1Φ2 + Φ
†
2Φ1
)
+
λ1
2
|Φ1|4 + λ2
2
|Φ2|4
+λ3 |Φ1|2 |Φ2|2 + λ4
∣∣∣Φ†1Φ2∣∣∣2 + λ52
{(
Φ†1Φ2
)2
+
(
Φ†2Φ1
)2}
, (7)
where m21, m
2
2 and λ1 to λ4 are real, while m
2
3 and λ5 are generally complex. We here assume
that there is no CP violation in the Higgs sector, so as to neglect the phases of m23 and λ5.
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A nonzero value of m23 indicates that the discrete symmetry is broken softly. Under the
assumption, there are eight real parameters in the potential (7). The Higgs sector of the
MSSM is a special case of Eq. (7) with Model II Yukawa interaction at tree level.
The Higgs doublets are parameterized as
Φi =

 w+i
1√
2
(vi + hi + izi)

 , (i = 1, 2), (8)
where vi (i = 1, 2) are vacuum expectation values that satisfy
√
v21 + v
2
2 = v ≃ 246 GeV. We
here assume the case with v1v2 6= 0. From the vacuum condition (the stationary condition),
we obtain
0 = m23v2 −m21v1 −
1
2
λ1v
3
1 −
1
2
(λ3 + λ4 + λ5)v1v
2
2, (9)
0 = m23v1 −m22v2 −
1
2
λ2v
3
2 −
1
2
(λ3 + λ4 + λ5)v
2
1v2, (10)
and the mass parameters m21 and m
2
2 can be eliminated with their degrees of freedom being
replaced by those of v1 and v2. The mass matrices of the Higgs bosons are diagonalized by
introducing the mixing angles β and α. First, we rotate the fields by β as
 h1
h2

 = R(β)

 φ1
φ2

 ,

 z1
z2

 = R(β)

 z
A

 ,

 w+1
w+2

 = R(β)

 w+
H+

 , (11)
with R(θ) =

 cos θ − sin θ
sin θ cos θ

 . (12)
By setting tan β = v2/v1, the CP-odd and charged states are diagonalized. The Nambu-
Goldstone bosons z and w± are massless if the gauge interaction is switched off, and their
degrees of freedom are eaten by the longitudinal components of Z and W± bosons when
the gauge interaction is turned on. The masses of the physical states A (CP-odd) and H±
(charged) are expressed by
m2H± = M
2 − 1
2
(λ4 + λ5)v
2, (13)
m2A = M
2 − λ5v2, (14)
where v is defined by v =
√
v21 + v
2
2 , and M is defined from the remaining degree of free-
dom of the mass parameter m23 by M
2 = m23/ sin β cos β. The CP even states are not yet
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diagonalized, and the mass matrix for φ1,2 is given by M
2
ij , where
M211 = (λ1 cos
4 β + λ2 sin
4 β + 2λ cos2 β sin2 β)v2, (15)
M212 = (−λ1 cos2 β + λ2 sin2 β + λ cos 2β) cos β sin βv2, (16)
M222 = M
2 +
1
8
(λ1 + λ2 − 2λ)(1− cos 4β)v2, (17)
with λ = λ3 + λ4 + λ5. The diagonalized CP-even states (H , h) are obtained from (φ1, φ2)
by the rotation with the angle (α− β) as
 φ1
φ2

 = R(α− β)

 H
h

 . (18)
The mixing angle (α− β) and the mass eigenstates are determined as
tan 2(α− β) = 2M
2
12
M211 −M222
, (19)
and
m2H = cos
2(α− β)M211 + sin 2(α− β)M212 + sin2(α− β)M222, (20)
m2h = sin
2(α− β)M211 − sin 2(α− β)M212 + cos2(α− β)M222, (21)
respectively. The two physical CP-even fields h and H are defined so as to satisfy mh <∼ mH .
Among M2ij , only M
2
22 includes the dimensionful parameter M . In the limit of M
2 → ∞,
we have tan 2(α − β) → 0. The angle α is chosen such that m2h → M211, m2H → M2 and
sin(α− β)→ −1 are satisfied in the limit M2 → +∞. 1
We note that the masses of the heavier Higgs bosons (H , H± and A) take the form as
m2Φ =M
2 + λiv
2
(
+O(v4/M2)) , (25)
1 Equivalently, we may rotate the CP-even fields from (h1, h2) to (H,h) by the angle α directly. Then we
obtain
tan 2α =
{M2 − (λ3 + λ4 + λ5)v2} sin 2β
(M2 − λ1v2) cos2 β − (M2 − λ2v2) sin2 β
, (22)
and
m2H = M
2 sin2(α− β) + (λ1 cos2 α cos2 β + λ2 sin2 α sin2 β + 1
2
λ sin 2α sin 2β)v2, (23)
m2h = M
2 cos2(α− β) + (λ1 sin2 α cos2 β + λ2 cos2 α sin2 β − 1
2
λ sin 2α sin 2β)v2. (24)
One can easily check that the above two expressions for m
h
and m
H
are equivalent.
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where Φ represents H , H+ or A and λi is a linear combination of λ1-λ5. When M
2 ≫ λiv2,
the mass m2Φ is determined by the soft-breaking scale of the discrete symmetry M
2, and
is independent of λi. In this case, the effective theory below M is described by one Higgs
doublet, and all the tree level couplings related to the lightest Higgs boson h approach to
the SM value. Furthermore, the loop effects of Φ vanish in the large mass limit (mΦ →∞)
because of the decoupling theorem[39]. The MSSM Higgs sector corresponds to this case,
because λi is fixed to be O(g2) so that large mass of Φ is possible only by large values of
M . On the contrary, when M2 is limited to be at the weak scale (M2 <∼ λiv2) a large value
of mΦ is realized by taking λi to be large; i.e., the strong coupling regime. In this case, the
squared mass of Φ is effectively proportional to λi, so that the decoupling theorem does not
apply. Then, we expect a power-like contribution of mΦ in the radiative correction. We call
such an effect as the non-decoupling effect of Φ[28, 29, 30, 31, 32]. Similar non-decoupling
effect appears in considering the top quark loop contributions in the SM. Although we
expect large loop effects in this case, theoretical and experimental constraints must be
considered. For instance, too large λi leads to the breakdown of validity of perturbation
calculation[33, 34, 35]. Furthermore, the low energy precision data also impose important
constraints on the model parameters[40]. Later, in our evaluation of the one loop from
factors, we shall take into account these constraints.
The parameters of the Higgs potential are m21-m
2
3 and λ1-λ5. They can be rewritten
by eight “physical” parameters; i.e., four Higgs mass parameters mh, mH , mA, mH±, two
mixing angles α, β, the vacuum expectation value v, and the soft-breaking scale of the
discrete symmetry M . The quartic coupling constants can be expressed in terms of these
physical parameters as
λ1 =
1
v2 cos2 β
(− sin2 βM2 + sin2 αm2h + cos2 αm2H) , (26)
λ2 =
1
v2 sin2 β
(− cos2 βM2 + cos2 αm2h + sin2 αm2H) , (27)
λ3 = −M
2
v2
+ 2
m2H±
v2
+
1
v2
sin 2α
sin 2β
(m2H −m2h), (28)
λ4 =
1
v2
(
M2 +m2A − 2m2H±
)
, (29)
λ5 =
1
v2
(
M2 −m2A
)
. (30)
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IV. ONE LOOP CORRECTION TO hZZ AND hhh IN THE THDM
We here discuss our scheme for calculating the one loop corrections to the form factors
of hZZ and hhh in the THDM. As we are interested in the Higgs non-decoupling effects,
we neglect the loop contributions of the gauge bosons in the calculation. This procedure is
justified by adopting Landau gauge, where the effect of the gauge bosons and that of the
Higgs bosons can be treated separately. The renormalization is performed in the on-shell
scheme for physical mass parameters and mixing angles.
First, we renormalize the three SM input parameters mW , mZ and GF (=
1√
2v2
). The
counter terms of gauge boson masses (δm2W , δm
2
Z) and the wave function renormalization
factors (δZW , δZZ) are obtained by calculating the transverse part Π
V V
T (p
2) of the two-point
function:
ΠV Vµν (p
2) =
(
−gµν + pµpν
p2
)
ΠV VT (p
2) +
pµpν
p2
ΠV VL (p
2), (31)
where V V =WW or ZZ. In the on-shell renormalization scheme, we obtain
δm2V = ReΠ
V V (1PI)
T (m
2
V ), (32)
δZV = − ∂
∂p2
ReΠ
V V (1PI)
T (p
2)
∣∣∣∣
p2=m2
V
. (33)
The renormalization for the vacuum expectation value δv (v → v + δv) is defined by
δv
v
=
1
2
1
m2W
ΠWWT (0) + (vertex and box corrections). (34)
When neglecting the vertex and box contributions, which areO(αEM), δv/v can be expressed
solely by the oblique correction ΠWWT (0).
2
Next, let us define the renormalization scheme for the Higgs sector. In addition to v,
the bare parameters of the Higgs potential are m2h, m
2
H , m
2
A, m
2
H± , α, β,M
2, Th, TH , where
Th and TH are tadpoles of h and H , respectively. The tadpole parameters are fixed by the
stationary condition at each order of perturbation. At the tree level, we set Th = TH = 0,
while at one loop level Th and TH are chosen to make the renormalized one-point functions
for h and H to be zero. They are expressed in terms of the Lagrangian parameters as
TH = T1 cosα+ T2 sinα, Th = −T1 sinα + T2 cosα, (35)
2 It is straight forward to see the difference from the other renormalization schemes in which the SM inputs
are taken as (α,m
Z
, G
F
) or (m
W
,m
Z
, α
EM
). The difference is of order α which is neglected in the present
calculation.
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with
T1 = m
2
3v2 −m21v1 −
1
2
λ1v
3
1 −
1
2
(λ3 + λ4 + λ5)v1v
2
2, (36)
T2 = m
2
3v1 −m22v2 −
1
2
λ2v
3
2 −
1
2
(λ3 + λ4 + λ5)v
2
1v2. (37)
The renormalized parameters are defined by shifting the bare parameters as
Th,H → 0 + δTh,H , (38)
m2φi → m2φi + δm2φi , (39)
α → α+ δα, (40)
β → β + δβ, (41)
M2 → M2 + δM2, (42)
where φi represents H , h, A and H
±. The introduction of the wave function renormalization
factors for the Higgs bosons is rather complicated because the mixing between scalar bosons
with the same quantum number should be taken into account. According to the method
explained in Appendix C, we define
 H
h

→

 1 + 12δZH δα + δCh
−δα + δCh 1 + 12δZh



 H
h

 , (43)
where δZh (δZH) is the wave function factor of h (H). Similarly, for the CP-odd scalar
bosons and the charged scalar bosons we define
 z
A

→

 1 + 12δZz δβ + δCA
−δβ + δCA 1 + 12δZA



 z
A

 , (44)
and 
 w±
H±

→

 1 + 12δZw± δβ + δCH+
−δβ + δCH+ 1 + 12δZH±



 w±
H±

 , (45)
respectively, where δZA δZH± are the wave function renormalization factors for the physical
CP-odd and charged Higgs bosons A andH±. In addition, we introduced the “wavefunction”
factors δZz and δZw for the Nambu-Goldstone bosons z and w
±, which are massless in the
Landau gauge. However, δZz and δZw will not be used in our calculation.
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There are sixteen counter-term parameters (δTh,H, δm
2
φi
, δZφi, δα, δβ, δCh, δCA, δCH+
and δM2), where φi = H, h,A and H
±, and δCh, δCA and δCH+ are defined via Eqs. (43)-
(45). The first fifteen of them are determined by imposing the renormalization condition to
the one and two point functions. The conditions are shown below in order.
The tadpole condition requires that the renormalized one-point functions for h and H
must satisfy
Γh = 0, ΓH = 0, (46)
with Γh,H = T
1PI + δTh,H. Thus,
δTh = −T 1PIh , δTH = −T 1PIH , (47)
where T 1PIh,H are the contributions of one-particle-irreducible (1PI) diagrams. The explicit
expressions of the contributions to T 1PIh,H in the THDM are given in Appendix B.
The relevant renormalized two-point functions for h,H,A,H± can be expressed as
Γhh(p
2) = Π1PIhh (p
2) +
{
(p2 −m2h)(1 + δZh)− δm2h +
sin2 α
cos β
δT1
v
+
cos2 α
sin β
δT2
v
}
, (48)
ΓHH(p
2) = Π1PIHH(p
2) +
{
(p2 −m2H)(1 + δZH)− δm2H +
cos2 α
cos β
δT1
v
+
sin2 α
sin β
δT2
v
}
,(49)
ΓAA(p
2) = Π1PIAA(p
2) +
{
(p2 −m2A)(1 + δZA)− δm2A
+
(
sin2 β
cos β
− cos β + 1
cos β
)
δT1
2v
+
(
cos2 β
sin β
− sin β + 1
sin β
)
δT2
2v
}
, (50)
ΓH+H−(p
2) = Π1PIH+H−(p
2) +
{
(p2 −m2H±)(1 + δZH±)− δm2H±
+
(
sin2 β
cos β
− cos β + 1
cos β
)
δT1
2v
+
(
cos2 β
sin β
− sin β + 1
sin β
)
δT2
2v
}
, (51)
where Π1PIφφ (p
2) are the 1PI diagram contributions to the self energies. Their expressions and
those of δT1 and δT2 are summarized in Appendix B.
By imposing the on-shell conditions
ReΓφiφi(m
2
φi
) = 0,
∂
∂p2
ReΓφiφi(p
2)
∣∣∣∣
p2=m2
φi
= 1, (52)
where φi represents h,H ,A and H
±, we determine δm2h, δm
2
H , δm
2
A, δm
2
H± , δZh, δZH , δZA
and δZH±.
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The condition that there is no mixing between CP-even scalar bosons h and H on each
mass shell; i.e.,
ΓhH(m
2
h) = 0, ΓhH(m
2
H) = 0, (53)
determines δα and δCh, where
ΓhH(p
2) = Π˜hH(p
2) + (2p2 −m2h −m2H)δCh − (m2H −m2h)δα, (54)
with
Π˜hH(p
2) = Π1PIhH (p
2) + cosα sinα
(
− 1
cos β
δT1
v
+
1
sin β
δT2
v
)
. (55)
Hence, we obtain
δα = +
1
2
1
m2H −m2h
{
Π˜hH(m
2
H) + Π˜hH(m
2
h)
}
, (56)
δCh = −1
2
1
m2H −m2h
{
Π˜hH(m
2
H)− Π˜hH(m2h)
}
. (57)
The expression of the 1PI diagrams Π˜hH(p
2) can be obtained from those of ΠhH , δT1 and
δT2 in Appendix B.
The parameter δβ, δCA and δCH+ are determined by the conditions for the two-point
functions of z-A and w±-H± mixings. For the CP-odd sector, we require
ΓzA(0) = 0, (58)
ΓzA(m
2
A) = 0, (59)
where
ΓzA(p
2) = Π˜zA(p
2) + (2p2 −m2A)δCA +m2Aδβ, (60)
with
Π˜zA(p
2) = Π1PIzA (p
2)− sin β δT1
v
+ cos β
δT2
v
. (61)
Due to the Nambu-Goldstone’s theorem, Π˜zA(0) = 0 is ensured, so that we obtain, from
Eqs. (58) and (59),
δCA = δβ = − 1
2m2A
Π˜zA(m
2
A). (62)
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For the charged sector, from the condition
Γw±H∓(0) = 0, (63)
where
Γw±H∓(p
2) = Π˜w±H∓(p
2) + (2p2 −m2H±)δCH+ +m2H±δβ, (64)
with
Π˜w±H∓(p
2) = Π˜1PIw±H∓(p
2)− sin β δT1
v
+ cos β
δT2
v
, (65)
we obtain
δCH+ = δβ. (66)
We note that due to the Ward-Takahashi identity, the condition (59) is equivalent to the
following condition on the mixing between the gauge boson and the Higgs boson:
ΓZA(m
2
A) = 0, (67)
where the two-point function of ZA is written as
ΓµZA(p
2) = −ipµΓZA(p2), (68)
and the form factor ΓZA(p
2) is expressed as
ΓZA(p
2) = (δβ + δCA)mZ + Γ
1PI
ZA(p
2). (69)
In the above equation, the counter term parameters (δβ + δCA) comes from the Higgs
kinematic terms of the Lagrangian as the consequence of the shift of the parameters:
L = mZ(∂µz)Zµ
→ +(δβ + δCA)mZ(∂µA)Zµ + · · ·. (70)
With the expressions of Γ1PIZA(p
2) and Γ1PIzA (p
2) presented in Appendix B, one can explicitly
check the equivalence of the conditions of Eqs. (59) and (67). Similarly, instead of the
condition (59), the alternative condition
Γw±H∓(m
2
H±) = 0 (71)
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may be used to determine δβ. In this case, δβ (let us denote it as δβ ′) is given by
δβ ′(= δC ′H+ = δC
′
A) = −
1
2m2H±
Π˜w±H∓(m
2
H±). (72)
It is easy to check that the difference between δβ and δβ ′ is finite. This finite difference is
due to different choice of renormalization prescription in loop calculations. In this paper,
we adopt δβ determined from Eqs. (58) and (59).
We have determined all the renormalization parameters but δM2 of the Higgs sector by
applying the renormalization conditions to various one- and two-point functions. However,
the renormalization ofM2 has to be discussed in the context of three-point functions. Below,
we consider the renormalization calculation for the three-point hZZ and hhh vertices.
The tree level hZZ coupling can be read out from the kinematic term of the Lagrangian:
LhZZ = +
m2Z
v
sin(β − α)gµνZµZνh+
m2Z
v
cos(β − α)gµνZµZνH. (73)
In terms of the general form factors of the hZZ coupling, cf. Eq. (1), we get
M
hZZ(tree)
1 =
2m2Z
v
sin(β − α), MhZZ(tree)2 =MhZZ(tree)3 = 0. (74)
On the other hand, the tree level coupling constants of hhh and hhH are given from the
Higgs potential. By using the mass relations of Eqs. (26) - (30), each coupling constant can
be expressed in terms of Higgs boson masses and mixing angles:
λhhh =
−1
4v sin 2β
[{
cos(3α− β) + 3 cos(α + β)
}
m2h − 4 cos2(α− β) cos(α + β)M2
]
, (75)
λhhH =
−1
2v sin 2β
{
cos(α− β) sin 2α(2m2h +m2H)− cos(α− β) (3 sin 2α− sin 2β)M2
}
,(76)
The tree level form factor for the hhh coupling, Γ
(tree)
hhh , is thus given by
Γ
(tree)
hhh = 3!λhhh. (77)
Note that in the SM-like limit (α = β − π/2), the form factors of hZZ and hhh couplings
take the same form as in the SM:
M
hZZ(tree)
1 =
2m2Z
v
, M
hZZ(tree)
2 = M
hZZ(tree)
3 = 0, (78)
Γ
(tree)
hhh = −
3m2h
v
, (79)
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while the heavier Higgs boson H does not couple to the gauge bosons and also λhhH = 0.
Now, we discuss the renormalized vertices of hZZ and hhh. From the kinematic term
of the Higgs sector, we obtain the counter terms to the form factors of the hZZ vertex as
follows.
LhZZ = −
m2Z
v
sin(α− β)gµνZµZνh+ m
2
Z
v
cos(α− β)gµνZµZνH
→ −m
2
Z
v
{
sin(α− β)
(
1 +
δm2Z
m2Z
− δv
v
+ δZZ +
1
2
δZh
)
+ cos(α− β)(−δβ − δCh)
}
gµνZ
µZνh+ · · ·. (80)
Thus, we obtain the counter terms for the hZZ form factors as
δMhZZ1 = −
2m2Z
v
{
sin(α− β)
(
δm2Z
m2Z
− δv
v
+ δZZ +
1
2
δZh
)
+ cos(α− β)(−δβ − δCh)
}
, (81)
δMhZZ2 = δM
hZZ
3 = 0. (82)
The counter term for the hhh vertex is obtained from the shifting the bare hhh coupling
δλhhh and the wave function and mixing renormalization of the hhh and hhH vertices as
λhhh → λhhh + δλhhh, (83)
hhh →
{(
1 +
1
2
δZh
)
h+ · · ·
}3
→
(
1 +
3
2
δZh
)
h3 + · · ·, (84)
hhH →
{(
1 +
1
2
δZh
)
h+ · · ·
}2 {
(δα + δCh) h+ · · ·
}
→ (δα+ δCh)h3 + · · ·. (85)
Thus, the counter term for the Γhhh is obtained as
δΓhhh = 3!
{
δλhhh +
3
2
λhhhδZh + λhhH (δα + δCh)
}
(86)
= 3!λhhh
(
3
2
δZh −
δv
v
)
+ 3!λhhHδCh + C1δm
2
h + C2δα + C3δβ + C4δM
2, (87)
where
C1 =
−1
4v sin 2β
{cos(3α− β) + 3 cos(α+ β)} , (88)
C2 =
−1
2v sin 2β
cos(α− β) sin 2α(m2H −m2h), (89)
C3 =
cos(α− β)
4v sin2 2β
[{
4 + cos 2(α− β) + 3 cos 2(α + β)
}
m2h
−
{
5 + cos 2(α− β)− cos 4β + 3 cos 2(α + β)
}
M2
]
, (90)
C4 =
1
v sin 2β
cos2(α− β) cos(α + β). (91)
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Up to now we have not explicitly discussed the renormalization condition to determine the
counter term of the soft-breaking mass, δM2. We chose to fix this parameter in the minimal
subtraction method. Namely, we require the condition that the remaining divergent term
proportional to ∆ = 1/ǫ+ lnµ2 in the hhh vertex is canceled by the counter term δM2. In
the present model, δM2/M2 is found to be
δM2
M2
=
1
16π2v2
{
2Nc(m
2
t cot
2 β +m2b tan
2 β)
+4M2 − 2m2H± −m2A +
sin 2α
sin 2β
(m2H −m2h)
}
∆, (92)
where ∆ = 1/ǫ+ lnµ2 with D = 4− 2ǫ.
Finally, the renormalized form factors for hZZ and hhh couplings are calculated by
MhZZi (p
2
1, p
2
2, q
2) = M
hZZ(tree)
i +M
hZZ(1PI)
i (p
2
1, p
2
2, q
2) + δMhZZi , (i = 1− 3), (93)
Γhhh(p
2
1, p
2
2, q
2) = Γtreehhh + Γ
1PI
hhh(p
2
1, p
2
2, q
2) + δΓhhh, (94)
where the momentum qµ in Eq. (93) is that of the external Higgs boson line, and all the
counter terms are completely determined by the renormalization conditions in Eqs. (46),
(52), (53), (58), (59), (63) and (92). All the explicit results for the 1PI diagrams which
contribute to the form factors are summarized in Appendix B.
V. LARGE MASS EXPRESSION IN THE SM-LIKE REGIME
The renormalized coupling constants hZZ and hhh are evaluated by the formulae given
in Eqs. (93) and (94). The deviation from the SM predictions can occur due to two sources:
the mixing effect which appears in the tree level, and the quantum correction effect due to
the loop contribution of the extra Higgs bosons. If the mixing between the two CP-even
Higgs bosons is large (e.g., sin(α−β)2 ∼ 0.3−0.7), the hZZ form factorMhZZ1 in the THDM
significantly differs from the SM prediction already at tree level by the factor of sin(β − α);
cf. Eq. (74). In such a case, we may be able to obtain an indirect but explicit evidence of
extended Higgs sectors at the LHC or at the early stage of the LC experiments.
On the other hand, the hZZ coupling may be close to the SM prediction; i.e., in the
SM-like regime[41] where sin2(α− β) ≃ 1. Define x = β−α− π/2. As x≪ 1, the tree level
hZZ and hhh couplings can be expressed as follows:
M
hZZ(tree)
1 =
2m2Z
v
{
1− 1
2
x2 +O (x4)} , (95)
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Γ
(tree)
hhh = −
3m2h
v
{
1 +
3
2
(
1− 4M
2
3m2h
)
x2 +O (x3)} . (96)
In the limit of x → 0, the mixing effect vanishes and the hZZ and hhh couplings coincide
with the SM formulas. From Eq. (96), we find that in the SM-like regime the hhh coupling
constant is reduced from the SM value as long as M2 > 3m2h/4. Keeping only the leading
one loop contributions of the heavier Higgs bosons and the top quark, the expressions for
the one loop corrected hZZ and hhh couplings are given in the SM-like regime (x≪ 1) as
MhZZ1 =
2m2Z
v
{
1− 1
2
x2 +
1
64π2v2
(m2H +m
2
A + 2m
2
H±)−
m2H
96π2v2
(
1− M
2
m2H
)2
− m
2
A
96π2v2
(
1− M
2
m2A
)2
− m
2
H±
48π2v2
(
1− M
2
m2H±
)2
− 5Nctm
2
t
96π2v2
+O
(
x4,
p2i
v2
,
m2h
v2
)}
, (97)
Γhhh = −
3m2h
v
{
1 +
3
2
(
1− 4M
2
3m2h
)
x2 +
m4H
12π2m2hv
2
(
1− M
2
m2H
)3
+
m4A
12π2m2hv
2
(
1− M
2
m2A
)3
+
m4H±
6π2m2hv
2
(
1− M
2
m2H±
)3
− Nctm
4
t
3π2m2hv
2
+O
(
x3,
p2im
2
Φ
v2m2h
,
m2Φ
v2
,
p2im
2
t
v2m2h
,
m2t
v2
)}
, (98)
where mΦ represents the masses of the heavier Higgs bosons H , A and H
±.3 As expected,
there are quartic power terms of the heavier Higgs boson masses in Γhhh. The difference
from the top-mass contribution is the suppression factor of (1 − M2/m2Φ)3 and the sign.
The large correction occurs in the case of small M2. The largest corresponds to the limit
of M2 → 0. In this case, a greater positive deviation from the SM prediction is obtained
for a larger mΦ. However, since m
2
Φ is originated from the electroweak symmetry breaking
and is proportional to λi, a too large value of m
2
Φ is forbidden by the requirement of the
perturbative unitarity[33]. Furthermore, the direction of the deviation induced by the heavy
Higgs boson (bosonic) loops is opposite to that by the top quark (fermionic) loops.
3 Although the expression in Eq. (98) does not depend on tanβ, the allowed value of tanβ is constrained
to be O(1) due to the requirement of the perturbative unitarity when large values of m
Φ
are taken with
M = 0. Hence, the large deviation from the SM prediction occurs at tanβ = O(1). We note that the
parameter set m
H
= m
A
= m
H±
, M = 0, α = β − pi/2 and tanβ = 1 corresponds to λ1 = λ2 = λ3 =
(m2
h
+m2
H
)/v2 and λ4 = λ5 = −m2H/v2 at the tree level.
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FIG. 2: (∆λTHDMhhh /λ
SM
hhh) is shown as a function of mΦ(≡ mH = mA = mH±). The results of
the full one loop calculation are shown as solid curves, while the quartic mass (m4Φ) contributions,
given in Eq. (98), are plotted as dotted curves.
VI. NUMERICAL EVALUATION
In this section, we present results of our numerical evaluation for the effective hZZ and
hhh couplings predicted by the SM and the THDM at the one loop order. We define the
deviation from the SM prediction by
(
∆gTHDMhZZ
gSMhZZ
)
(q2) =
M
hZZ(THDM)
1 (q
2, m2Z , m
2
h)−MhZZ(SM)1 (q2, m2Z , m2h)
M
hZZ(SM)
1 (q
2, m2Z , m
2
h)
, (99)
(
∆λTHDMhhh
λSMhhh
)
(q2) =
ΓTHDMhhh (m
2
h, m
2
h, q
2)− ΓSMhhh(m2h, m2h, q2)
ΓSMhhh(m
2
h, m
2
h, q
2)
, (100)
where the SM form factors M
hZZ(SM)
1 (p
2
1, p
2
2, q
2) and ΓSMhhh(p
2
1, p
2
2, q
2) are evaluated by using
Eqs. (A33) and (A34), and those of the THDM, M
hZZ(THDM)
1 (p
2
1, p
2
2, q
2) and ΓSMhhh(p
2
1, p
2
2, q
2),
are given by Eqs. (93) and (94). In the following numerical analysis, we fix
√
q2 = 2mh
except for Fig. 4. We show the momentum dependence of the deviation in the hhh form
factor in Fig. 4. Throughout this section, the mass of the top quark is set to be mt = 175
GeV.
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FIG. 3: The decoupling behavior of (∆λTHDMhhh /λ
SM
hhh) is shown. The mass of the heavy Higgs
bosons mΦ(≡ mH = mA = mH±) is given by m2Φ = λv2 +M2.
A. The SM-like limit
First, we show the results in the SM-like limit (sin2(α − β) = 1 or x → 0 in Eqs. (97)
and (98)), where the tree level expressions are coincide with the SM ones; cf. Eqs. (95) and
(96). In this case, the contributions to ∆gTHDMhZZ and ∆λ
THDM
hhh only comes from radiative
corrections. The form factorMhZZ1 receives the one loop effect of O[m2Φ/(16π2v2)] due to the
heavy Higgs boson Φ (Φ = H , A and H±) with the suppression factor (1−M2/m2Φ)2. When
M = 0, where the non-decoupling loop effect is maximal, the magnitude of the deviation
∆gTHDMhZZ /g
SM
hZZ becomes typically at most O(1) %. On the other hand, the loop effect for
the hhh coupling is O[m4Φ/(16π2v2m2h)] with the suppression factor (1 − M2/m2Φ)3. The
magnitude is larger than that for the hZZ coupling by the enhancement factor of m2Φ/m
2
h
[13, 14]. In Fig. 2, the one loop contribution of the heavy Higgs bosons to the hhh coupling is
shown for mh = 100, 120 and 160 GeV as a function of mΦ, where mΦ ≡ mH = mA = mH±,
by assuming sin2(α−β) = 1 andM2 = 0. The deviation increases rapidly for largemΦ values
due to the quartic power dependence of mΦ, and it amounts to 50 (100) % for mΦ = 300
(400) GeV for mh = 120 GeV. The larger deviation is obtained for the smaller value of
mh. The small “peak” structure in Fig. 2 originates from the threshold contribution when
mΦ = mh for
√
q2 = 2mh, where
√
q2 is the invariant mass of the virtual h, i.e. the invariant
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FIG. 4: The momentum dependence of (∆λTHDMhhh /λ
SM
hhh) is shown, where
√
q2 is the invariant
mass of h∗ in h∗ → hh, for each value of mΦ (≡ mH = mA = mH±) when mh = 120 GeV,
sin(α− β) = −1 and M = 0.
mass of the two on-shell h Higgs bosons in the hhh vertex.
For non-zero values of M (0 < M2 < m2Φ), the magnitude of the loop correction is
suppressed by the factor (1−M2/m2Φ)3, and the non-decoupling effect vanishes when M ≃
mΦ. In Fig. 3, we show the decoupling behavior of the heavier Higgs contribution as a
function of M with fixed
√
λv2 = 200 − 450 GeV, in the case of sin2(α − β) = 1 and
mh = 120 GeV, where the mass of the heavier Higgs bosons mΦ (= mA = mH = mH±) is
given by m2Φ = λv
2 +M2. (We note that λ corresponds to λ1 cos
2 β + λ2 sin
2 β −m2h/v2 =
λ3 − m2h/v2 = −λ4 = −λ5 in this case.) As shown, the heavier Higgs boson contributions
reduce rapidly for a larger value of M . Nevertheless, a few tens of percent of the correction
remains at M = 1000 GeV.
In Fig. 4, we show the momentum dependence of the deviation in the effective hhh
coupling, Γhhh(q
2) (≡ Γhhh(m2h, m2h, q2)), from the SM result as a function of the invariant
mass (
√
q2) of the virtual h boson, for various values of mΦ (= mA = mH = mH±) with
sin2(α− β) = 1 and mh = 120 GeV. Again, to show the maximal non-decoupling effect, we
have set M to be zero. The Higgs boson one loop contribution is always positive. Below the
peak of the threshold of the heavy Higgs pair production, Γhhh(q
2) is insensitive to
√
q2. We
note that the low
√
q2 (but
√
q2 >∼ 2mh) is the most important region in the extraction of
the hhh coupling from the data of the double Higgs production mechanism, because the h∗
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FIG. 5: Deviation of the one loop renormalized (solid curves) and tree level (dotted curves) form
factor MhZZ1 from the SM value is shown as a function of δ = cos
2(α − β) for various M values.
The other parameters are set to be mh = 120 GeV, tan β = 2, and mH = mH± = mA = 300 GeV.
propagator 1/(q2 −m2h) in the signal process becomes larger. On the contrary, as we have
shown in Fig. 1 in Sec. II, the fermionic (top-quark) loop effect strongly depends on
√
q2
because of the threshold enhancement at
√
q2 = 2mt.
B. The mixing angle dependence
Here, we study the case in which the condition of x = 0 (or, sin(α− β) = −1) is relaxed.
When sin(α − β) is much different from −1, the renormalized couplings are significantly
different from their SM values because of the tree level mixing effect[10, 11]. Our main
interest is rather the case in which the condition sin(α − β) = −1 is only slightly relaxed;
i.e., sin(α − β) ≃ −1 or x ≪ 1. We refer such a case as the SM-like regime of the THDM.
In order to study this case, we introduce the parameter δ = cos2(α − β) = 1 − sin2(α − β)
(≃ x2) which directly measures the deviation from the decoupling limit. In Figs. 5 and 6,
we show (∆gTHDMhZZ /ghZZ) and (∆λ
THDM
hhh /λhhh) as a function of δ, respectively. The value of
mΦ (= mH = mA = mH±) is set to be 300 GeV. We consider the case of mh = 120 GeV and
tan β = 2, and the scale M is taken to be 0, mA/2, mA/
√
2 and mA. The solid curves are
the results for the one loop corrected couplings, and the dotted ones are for the tree level
couplings.
As shown in Fig. 5, the tree level mixing effect on the hZZ coupling is proportional to
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FIG. 6: Deviation of the one loop renormalized (solid curves) and tree level (dotted curves) hhh
form factor from the SM value is shown as a function of δ = cos2(α−β) for various M values. The
other parameters are set to be mh = 120 GeV, tan β = 2, and mH = mH± = mA = 300 GeV.
δ and the deviation from the SM value is negative. The non-decoupling effect on the hZZ
coupling is insensitive to δ as long as δ is not large, and its deviation is less than one percent
to the negative direction. The non-decoupling effect becomes maximal for M = 0, and
minimum for M = mΦ.
Fig. 6 shows that the deviation in the tree level hhh coupling can vary due to the Higgs
mixing effect from −80 to +10 percent for δ = 0.1, depending on the value of 0 < M2/m2Φ <
1. The deviation of the tree level hhh coupling vanishes as δ = 0, which reproduces the
SM case. For the fixed value of δ, smaller M2 gives larger value (in magnitude) of the tree
level hhh coupling. At one loop level, the non-decoupling effect of the heavy Higgs bosons
gives large positive corrections to (∆λTHDMhhh /λ
SM
hhh). Due to the non-decoupling effect, the
deviation in the one loop hhh coupling can be plus 40 percent for M = 0, even when δ = 0.
Though the deviation decreases when δ increases, such large positive contribution remains
for δ = 0.1. For M = mΦ/2 the magnitude of the non-decoupling effect is smaller than that
for M = 0. However, the deviation can still be larger than that induced at tree level by the
Higgs mixing effect for 0 < M2/m2Φ < 1, especially in the region of 0 < δ < 0.06.
In conclusion, the large non-decoupling effect of the heavier Higgs bosons contributing in
loops can be more important than the tree level Higgs mixing effect, as long as δ is not too
large.
24
0.0 0.1 0.2 0.3 0.4 0.5
δ
−35
−30
−25
−20
−15
−10
−5
0
5
∆g
hZ
ZT
H
D
M
/g
hZ
ZS
M
 
(%
)
loop (max)
loop (min)
tree
Case M2=0
FIG. 7: Allowed region of the deviation in the form factor MhZZ1 under the constraints obtained
from perturbative unitarity and vacuum stability as a function of δ(= cos2(α − β)). We set
mH = mA = mH± , and the value of M is fixed to be 0 in order to study the maximal non-
decoupling effect. The upper and lower limits for the one loop renormalized couplings are shown
as solid curves. The value of the tree level one is shown as the dotted curve.
C. The possible allowed region of the corrections
Finally, we study possible allowed range of the deviation in the hZZ and hhh couplings
from the SM predictions under the experimental and theoretical constraints. The free pa-
rameters of the Higgs sector in the THDM (mh, mH , mA, mH± , α, β andM) are constrained
by theoretical consideration as well as the available experimental data. These are related
to the quartic coupling constants in Eq. (7) by Eqs. (26) to (30). We take into account the
following bounds in order to constrain the parameters.
(i) The coupling constants λi (i = 1− 5) are constrained by the requirement of perturbative
unitarity[34], which is described by the condition on the S wave amplitudes for the elastic
scattering of longitudinally polarized gauge bosons as well as the Higgs bosons[33];
|a0(ϕAϕB → ϕCϕD)| < ξ, (101)
where a0(ϕAϕB → ϕCϕD) is the S-wave amplitude for the elastic scattering process ϕAϕB →
ϕCϕD of the longitudinally polarized gauge bosons (and Higgs bosons); cf. Appendix D.
The critical value ξ is a parameter, and we here take ξ = 1/2 in our analysis[21].
(ii) The condition of vacuum stability is expressed at the tree level by[36]
λ1 > 0, λ2 > 0,
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FIG. 8: Allowed region of the deviation in the hhh form factor under the constraints obtained
from perturbative unitarity and vacuum stability as a function of δ(= cos2(α − β)). We set
mH = mA = mH± , and the value of M is fixed to be 0 in order to study the maximal non-
decoupling effect. The upper and lower limits for the one loop renormalized couplings are shown
as solid curves. Those for the tree level couplings are shown as dotted curves.
√
λ1λ2 + λ3 +MIN(0, λ4 + λ5, λ4 − λ5) > 0. (102)
(iii) The LEP precision data imposed strong constraints on the radiative corrections to the
gauge boson two-point functions, which are parameterized by the S, T and U parameters[40].
In the THDM, the T parameter (≃ α−1EM∆ρ, where ∆ρ(∼ 10−3) is the deviation of ρ param-
eter from unity) can receive large contributions. The analytic formula for ∆ρ in the THDM
is given, for example, in Refs. [37, 38]. To satisfy this constraint, the THDM has to have an
approximate custodial (SU(2)V ) symmetry [42]. In the Higgs sector of the THDM, there are
typically two options for the parameter choice in which SU(2)V is conserved according to the
assignment of the SU(2)V charge; (1) mH± ≃ mA, and (2) mH± ≃ mH with sin2(α− β) ≃ 1
or mH± ≃ mh with cos2(α − β) ≃ 1 [37, 42]4. In the present paper, we do not perform a
complete scan analysis for all the parameter space. Instead, we set mH = mA = mH± in
order to reduce the number of parameters. By the degeneracy of heavy Higgs bosons, the
constraint from the ρ parameters is satisfied. Then, the free parameters are mA, tanβ, M
as well as δ (or α).
In Figs. 7 and 8, we show the allowed region of (∆gTHDMhZZ /g
SM
hZZ) and (∆λ
THDM
hhh /λ
SM
hhh) for
4 In terms of the coupling constants, these conditions are expressed by (1) λ4 = λ5, and (2) λ1 = λ2 = λ3
with m21 = m
2
2.
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FIG. 9: Allowed region of the deviation in the form factor MhZZ1 under the constraints obtained
from perturbative unitarity and vacuum stability as a function of δ(= cos2(α − β)). We set
mH = mA = mH±(≡ mΦ), and the value of M is fixed to be mΦ/2. The upper and lower limits
for the one loop renormalized couplings are shown as solid curves. The value of the tree level one
is shown as the dotted curve.
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FIG. 10: Allowed region of the deviation in the hhh form factor under the constraints obtained
from perturbative unitarity and vacuum stability as a function of δ(= cos2(α− β)). we set mH =
mA = mH±(≡ mΦ), and the value of M is fixed to be mΦ/2. The upper and lower limits for the
one loop renormalized couplings are shown as solid curves. Those for the tree level couplings are
shown as dotted curves.
M = 0 as a function of δ (0 < δ < 0.5), respectively. The mass of the lightest Higgs boson is
set to be mh = 120 GeV. In Fig. 7, we find that the non-decoupling loop effect on the hZZ
coupling is at most a few percent. Due to the leading contribution of the additional Higgs
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bosons, the correction becomes negative. Most of the deviation from the SM prediction
comes from the tree level mixing effect of the factor sin2(α − β). On the other hand, as
shown in Fig. 8, due to the non-decoupling effect of the heavy Higgs bosons the allowed
region of ∆λTHDMhhh /λ
SM
hhh becomes much wider than that for the tree level. The correction
can be as large as a few 100 %. We note that such large deviation from the SM prediction
cannot be realized solely by the tree level Higgs mixing effect for 0 < δ < 0.5.
As the typical case for the non-zero value of M , we show the result for M = mΦ/2 in
Figs. 9 and 10, where mΦ ≡ mH = mA = mH± . All the other parameters are taken to be
the same as those in Figs. 7 and 8. As shown, the magnitude of the non-decoupling effect
becomes smaller as compared to the case with M = 0, both in the hZZ and hhh couplings,
because of the suppression factor (1−M2/m2Φ)n; cf. Eqs. (97) and (98). In the hhh coupling,
the tree level mixing effect becomes significant for larger values of δ, by which the positive
contribution due to the non-decoupling effect is canceled: cf. Eq. (98). The deviation from
the SM prediction can be larger than a few 100% for the small values of δ.
Some comments are in order related to the unitarity constraint. If we take ξ = 1[33]
instead of ξ = 1/2[21], the constraint from the perturbative unitarity is relaxed on both the
tree level and loop effects. Then larger values of mΦ can be taken, so that the possible en-
hancement due to the non-decoupling loop effect becomes greater. The rate of enhancement
due to the change from ξ = 1/2 to ξ = 1 is much larger at one loop level than that at tree
level.
D. Discussions
Before concluding this section, we give a few comments on our analysis.
The large one loop radiative correction of O(1) to the coupling λhhh in the THDM does
not imply the breakdown of the perturbative expansion, because the large contribution
originates from new types of couplings, e.g., λhΦΦ and λhhΦΦ, that enter in loop calculations.
Needless to say that we do not expect such kind of large correction to occur beyond the one
loop order.
We have shown the results by assuming Model II for the Yukawa interaction. In the case of
Model I, our main results presented thus far are essentially unchanged when h approximately
behaves like the SM Higgs boson. It is well known that in Model II, the b→ sγ data imposed
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a strong constraint on the mass of the charged Higgs boson. We have not explicitly included
the constraint from the b → sγ data[43] in our analysis, which can be easily satisfied by
assuming that the mass of the charged Higgs boson is larger than about 300 GeV. In Model
I, there is no such strong constraint from the b→ sγ data.
The measurement of the hZZ and hhh couplings are important not only to confirm the
mechanism of the electroweak symmetry breaking, but also to indirectly explore the property
of new physics beyond the SM. In particular, when the lightest Higgs boson h is found to
be around 120 GeV at the LHC or LC’s, and if its coupling with the gauge boson (hZZ or
hWW ) is SM-like, the measurement of the hhh coupling becomes important to determine
the scale of the new physics. If the measured hhh coupling turns out to be much larger
than the SM prediction and is not possible to be explained by the tree level mixing effect
in the THDM, we may consider the strongly coupled THDM with a relatively low cutoff
scale. Such large deviation in the hhh coupling could be the first indirect signal for the
models of dynamical symmetry breaking[22], or models of electroweak baryogenesis[23, 44].
Otherwise, the model with a light h should indicate a weakly coupled theory[45].
The trilinear coupling of the lightest Higgs boson can be measured from studying the
scattering processes e+e− → Z∗ → Zh∗ → Zhh and e+e− → ν¯νW+∗W−∗ → ν¯νh∗ → ν¯νhh
in the e+e− collision, and γγ → h∗ → hh at the γγ option of the LC. In Fig. 4, the momentum
dependence on the self-coupling has been shown in the SM-like limit. The corrections turned
out to be insensitive for the energy below the threshold of the pair production of the loop
particles[14]. Therefore, our main conclusion for the form factors of the hhh coupling shown
in this paper can be applied to the momentum dependent coupling included in the above
production processes in a good approximation. However, the large positive deviation in
the hhh coupling does not necessarily imply the large deviation in the production cross
sections by the same rate, because the rest of the gauge invariant set of Feynman diagrams
usually do not contain the hhh vertex. There have been several studies for the correlation
between the change of the hhh coupling and the production cross sections at the LHC[9]
and LC’s[7, 8, 20]. From the conclusions in those studies, we expect that the large non-
decoupling effect in the hhh couplings in the THDM can be detected at future experiments
at the LC’s.
We finally comment on the case of the MSSM. Since the Higgs sector of the MSSM is a
special case of the Model II THDM with λiv
2 ≃ O(m2W ), as required by supersymmetry, it
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belongs to the class of models in which the heavier Higgs bosons decouple. Hence, the effect
of the Higgs boson loops to Γhhh(MSSM) is expected to be small. A detailed study on this
decoupling behavior of the one loop corrected hhh coupling in the MSSM can be found in
Refs. [12, 13]. We confirmed that our results for large values of M are consistent with those
in Ref. [12].
VII. CONCLUSION
We have discussed the one loop contributions of the heavy additional Higgs bosons to
the hZZ and hhh couplings in the THDM. The form factors have been calculated in the
on-shell scheme, and the deviation from the SM predictions are evaluated.
The renormalized couplings of hZZ and hhh can deviate from the SM predictions due to
two origins: the tree level mixing effect between the Higgs bosons and the quantum effect
of the additional particles in the loop. We found that the deviations in the form factors can
be large due to the non-decoupling effect of the heavy additional Higgs bosons when their
masses are predominantly generated from the vacuum expectation value of the electroweak
symmetry breaking; i.e., in a strongly-coupled THDM. In particular, the renormalized hhh
coupling can largely deviate from the SM prediction due to the quartic power term of the
masses of the heavy Higgs bosons, especially when the mass of the lightest Higgs boson h
is relatively small. Even in the case where approximately only h couples to the weak gauge
boson so that the mixing effect is small, the deviation in the hhh coupling from the SM value
can be as large as a few 100%, while that in the hZZ coupling is at most a few times of −1%
or less. When the tree level mixing effect of the Higgs bosons is significant, the deviation
in the hZZ coupling becomes significant by the factor of sin(β −α) while the large positive
deviation in the hhh coupling due to quantum effect is smeared by the mixing effect. Such
large quantum effect on the Higgs tri-linear coupling is distinguishable from the Born-level
mixing effect, and can be detectable at a linear collider.
In the weakly-coupled THDM, where the masses of the heavy Higgs bosons are predom-
inantly generated from the soft breaking mass term M , the one loop effect is small and
decouples in the large mass limit.
We have shown how the non-decoupling effect of the additional heavy particles in the
THDM can differ the Higgs boson couplings hZZ and hhh from the SM prediction. We
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stress that the quartic mass effect on the effective hhh coupling is a general characteristic
in any new physics model which has the non-decoupling property.
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APPENDIX A: IN THE STANDARD MODEL
Here, we show the calculation for the one loop contributions of the top quark to the
form factors of hZZ and hhh vertices in the SM. The formulae for the leading top-loop
contributions in Eqs. (5) and (6) are extracted from the results shown in A1. The appearance
of the quartic mass dependence of the top quark in the hhh coupling in Eq. (6) can also
be shown through the effective potential method in A2. Here, we consider only the third
generation quarks (the top and bottom quarks) as the matter fields.
1. Diagrammatic Method
The Lagrangian of the SM is given by
LSM = +QLDµγµQL + tRDµγµtR + bRDµγµbR
−
{
ybQLΦbR + ytΦ˜QLtR + h.c.
}
+ |DµΦ|2 − VSM , (A1)
where QL = (tL, bL)
T , and Dµ is the covariant derivative. The Higgs potential is defined by
VSM = −µ2|Φ|2 + λ|Φ|4, (A2)
with the iso-doublet field Φ being parameterized as
Φ =

 w+
1√
2
(v + h+ iz),

 , (A3)
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where v (≃ 246 GeV) is the vacuum expectation value, h is the Higgs boson, and w± and z
are the would-be Nambu-Goldstone bosons.
The kinematic term for the Higgs doublet field Φ yields
LhZZ =
m2Z
v
gµνZ
µZνh, (A4)
where we used the relation m2Z =
g2+g′2
4
v2. The tree level form factors of hZZ vertices are
given by
MhZZ1 =
2m2Z
v
, MhZZ2 =M
hZZ
3 = 0. (A5)
From the Higgs potential (A2), we have
VSM = −Thh+ 1
2
(m2h −
Th
v
)h2 +
m2h
2v
h3 +
m2h
8v2
h4 + ..., (A6)
where we introduced the parameters Th and m
2
h by
Th = v(µ
2 − λv2), m2h = 2λv2, (A7)
and eliminated µ and λ. The vacuum condition (the stationary condition) requires that
the one-point function vanishes at the vacuum. At the tree level, this implies that Th = 0,
so that the parameter mh denotes the mass of h. The Higgs self-coupling interaction is
expressed at tree level by
Γtreehhh = −
3m2h
v
, Γtreehhhh = −
3m2h
v2
. (A8)
The Yukawa interaction generates the mass of the quarks, and mt = yt
v√
2
. Furthermore, the
parameters of the Lagrangian g, g′, v, λ, µ and yt can be replaced by mZ , mW , v, Th, m
2
h and
mt.
The bare parameters of the model can be rewritten in terms of the renormalized param-
eters as
m2V → m2V + δm2V , (V = W,Z) (A9)
v → v + δv, (A10)
Th → Th + δTh, (A11)
m2h → m2h + δm2h, (A12)
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and the wave function renormalization factors are introduced with the renormalized fields
by
Zµ → Z
1
2
ZZ
µ + CZγA
µ =
(
1 +
1
2
δZZ + · · ·
)
Zµ +
(
δZZγ + ...
)
Aµ, (A13)
h → Z
1
2
h h =
(
1 +
1
2
δZh + · · ·
)
h. (A14)
From the kinematic term, we obtain the counter terms for the hZZ interaction,
LhZZ →
m2Z
v
(
1 +
δm2Z
m2Z
− δv
v
)
gµνZ
µZνh
(
1 + δZZ +
1
2
δZh + · · ·
)
→ m
2
Z
v
gµνZ
µZνh
(
1 +
δm2Z
m2Z
− δv
v
+ δZZ +
1
2
δZh
)
. (A15)
We here neglect the effect of the Z-γ mixing, because it is of O(αEM). Thus, we have the
counter terms for the hZZ form factors as
δMhZZ1 =
2m2Z
v
(
δm2Z
m2Z
− δv
v
+ δZZ +
1
2
δZh
)
, δMhZZ2 = δM
hZZ
3 = 0, (A16)
The bare Higgs Lagrangian can be rewritten as
LHiggs → +1
2
p2 (1 + δZh) h
2
+{(µ2 − λv2)
(
1 +
1
2
δZh
)
+ (δµ2 − δλv2 − 2λvδv)} (v + δv)h
−1
2
{(µ3 − 3λv2)(1 + δZh) + (δµ2 − 3δλv2 − 6λvδv)}h2
−(λv + δλv + λδv + 3
2
λvδZh)h
3 − 1
4
(λ+ δλ+ 2λδZh)h
4
= LHiggs + δThh+ 1
2
{
(p2 −m2h)δZh − δm2h +
δTh
v
}
h2
−
{
δm2h
2v
+
m2h
2v
(
−δv
v
+
3
2
δZh
)}
h3
−1
4
{
δm2h
2v2
+
m2h
v2
(
−δv
v
+ δZh
)}
h4, (A17)
where δTh and δm
2
h are consistently related to the shift of the Lagrangian parameters µ and
λ by
δTh ≡ (δµ2 − δλv2 − 2λvδv)v = δ
{
v(µ2 − λv2)} , (A18)
δm2h ≡ 2δλv2 + 4λvδv = δ
(
2λv2
)
. (A19)
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The counter terms for the hhh and hhhh vertices are
δΓhhh = −
{
3δm2h
v
+
3m2h
v
(
−δv
v
+
3
2
δZh
)}
, (A20)
δΓhhhh = −
{
3δm2h
v2
+
6m2h
v2
(
−δv
v
+ δZh
)}
. (A21)
Based on Eqs. (A16) and (A20), we have to provide the counter term parameters δm2h,
δZh, δv, δm
2
Z , δZZ in order to calculate the one loop form factors of hZZ and hhh. In the
following, we determine all these parameters by imposing proper renormalization conditions.
The renormalization is performed in the on-shell scheme[27]. The counter terms of the
gauge boson masses (δm2W , δm
2
Z) and wave functions (δZW , δZZ) are obtained by calculating
the transverse part ΠV VT (p
2) of the two-point function
ΠV Vµν (p
2) =
(
−gµν + pµpν
p2
)
ΠV VT (p
2) +
pµpν
p2
ΠV VL (p
2), (A22)
where V V =WW or ZZ. In the one-shell renormalization scheme, we obtain
δm2Z = ReΠ
ZZ(1PI)
T (m
2
Z), (A23)
δZZ = − ∂
∂p2
ReΠ
ZZ(1PI)
T (p
2)
∣∣∣∣
p2=m2
Z
. (A24)
We define δv by
δv
v
=
1
2
1
m2W
ReΠ
WW (1PI)
T (0) + (vertex and box corrections) , (A25)
where the “(vertex and box corrections)” in Eq. (A25) is O(α), and is neglected in our
calculations.
The other counter terms δTh, δm
2
h and δZh are determined in the following way. Firstly,
the tadpole must be zero after renormalization; i.e., at tree level we demand Th = v(µ
2 −
λv2) = 0, and at one loop level, we impose
ΓRh ≡ T treeh + T 1PIh + δTh = 0, (A26)
where ΓRh is the renormalized tadpole and T
1PI
h is the one loop Feynman diagram of the
tadpole (cf. Appendix A3). This determines the counter-term δTh as
δTh = −T 1PIh . (A27)
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Secondly, we determine the rest of the counter terms in the on-mass shell scheme, i.e.,
ReΓRhh[m
2
h] = 0, (A28)
∂
∂p2
ReΓRhh[p
2]
∣∣∣∣
p2=m2
h
= 1, (A29)
where ΓRhh[p
2] is the renormalized two-point function of hh:
ΓRhh[p
2] = (p2 −m2h)(1 + δZh)− δm2h +
δTh
v
+Π1PIhh (p
2), (A30)
and Π1PIhh (p
2) is the 1PI Feynman diagram contribution (cf. Appendix A3). Therefore, we
obtain
δm2h = +ReΠ
1PI
hh (m
2
h)−
1
v
ReT 1PIh , (A31)
δZh = − ∂
∂p2
ReΠ1PIhh (p
2)
∣∣∣∣
p2=m2
h
. (A32)
Using the counter terms δmZ , δZZ , δv, δTh, δm
2
h, and δZh which are determined above
with the 1PI diagrams listed in Appendix A3, we obtain the renormalized form factors of
hZZ and hhh. Consequently, the renormalized form factors are given by
MhZZi (p
2
1, p
2
2, q
2) = M
hZZ(tree)
i +M
hZZ(1PI)
i + δM
hZZ
i , (i = 1− 3) (A33)
Γhhh(p
2
1, p
2
2, q
2) = Γtreehhh + Γ
1PI
hhh + δΓhhh, (A34)
where the momentum qµ in Eq. (A33) is that of the external Higgs boson line. The leading
contributions of the top quark mass in Eqs. (5) and (6) can be obtained from Eqs. (A33) and
(A34) by taking the large mt limit in the explicit expressions of each diagram contribution
listed in A3
2. Effective potential method
The quartic power dependence of the top quark mass can be reproduced in the effective
potential method. The effective potential provides the information of vertex functions with
zero external momenta at each loop level. The one loop effective potential is given by
Veff [ϕ] = Vtree[ϕ] +
1
64π2
NcfNsf (−1)2sfM4f [ϕ]
(
ln
[
M2f
Q2
]
− 3
2
)
, (A35)
where ϕ = 〈φ〉 = v+ 〈h〉, Ncf is the color number, sf (Nsf ) is the spin (degree of freedom) of
the field f in the loop, Mf [ϕ] is the field dependent mass of f , and Q is an arbitrary scale.
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The bare parameters µ2 and λ in the SM Higgs potential VSM[ϕ] in Eq. (A2) (= Vtree[ϕ])
can be eliminated after introducing the one loop corrected vacuum expectation value v and
the mass mh in the following conditions:
∂
∂ϕ
Veff [ϕ]
∣∣∣∣
ϕ=v
= 0, (A36)
∂2
∂ϕ2
Veff [ϕ]
∣∣∣∣
ϕ=v
= m2h. (A37)
Let us consider the top-quark loop effect. Namely, in Eq. (A35), f = t, NCt = 3, NSt = 2
and the field dependent mass of t is given by
Mt[ϕ] = yt
ϕ√
2
. (A38)
The result (6) of the renormalized coupling constant ΓSMhhh is then obtained from
∂3
∂ϕ3
Veff [ϕ]
∣∣∣∣
ϕ=v
= 3
m2h
v
{
1− Nct
3π2
m4t
v2m2h
}
, (A39)
where mt is the mass of the top quark. Because the top quark is a fermion, its loop effect
on the effective potential is negative.
Let us examine the origin of this quartic mass contribution. If we write ϕ = v0+ h, then
the effective potential is
Veff = −µ
2
2
(v0 + h)
2 +
1
4
λ(v0 + h)
4 − Nc
16π2
y4t
4
(v0 + h)
4

ln y2t v20
(
1 + h
v0
)2
2Q2
− 3
2


= −µ
2
2
(v0 + h)
2 +
1
4
λ˜(v0 + h)
4 − Nc
16π2
y4t
2
v40
(
h
v0
+
7
2
h2
v20
+
13
3
h3
v30
+ · · ·
)
, (A40)
where
λ˜ ≡ λ− Nc
16π2
y4t
(
ln
y2t v
2
0
2Q2
− 3
2
)
. (A41)
The first to third derivatives are calculated as
∂Veff
∂h
= −µ2v0 + λ˜v30 −
1
2
Nc
16π2
y4t v
3
0, (A42)
∂2Veff
∂h2
= −µ2 + 3λ˜v20 −
7
2
Nc
16π2
y4t v
2
0, (A43)
∂3Veff
∂h3
= 6λ˜v0 − 13 Nc
16π2
y4t v0. (A44)
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Using Eqs. (A36) and (A37), we can eliminate µ2 and λ˜ by introducing the renormalized
(at zero momentum) mass m2h. Then, we obtain the renormalized coupling λ
SM
hhh, as given
in Eq. (A39). The logarithmic term in the effective potential is completely eliminated by
the mass renormalization. On the contrary, the higher dimensional operator terms in the
effective potential generally survive even after the mass renormalization, which yield the
O(m4t ) correction to the tree level hhh coupling.
3. 1PI diagram contributions in the SM
We list the relevant one-particle irreducible (1PI) n-point functions for n = 1, 2, 3. The
calculation is performed in Landau gauge, so that the Nambu-Goldstone bosons are massless
(mw± = mz = 0). The SM Higgs boson coupling constants to be used below are defined as
by
λhhhv = λhzzv =
1
2
λhw+w−v = 4λhhhhv
2 = 2λhhzzv
2 = λhhw+w−v
2 = −m
2
h
2
.
a. One- and two-point functions
The one loop top-bottom contributions and the Higgs scalar contributions to ΠZZT (p
2)
and ΠWWT (p
2) are given by
ΠZZT (p
2) = − Nc
16π2
16m2Z
v2
[
(
1
2
I2f − IfQfs2W +Q2fs4W )
{
(D − 2)B22 + p2(B1 + B21)
}
+ (If −Qfs2W )Qfs2Wm2fB0
]
(p2, mf , mf)
− Nc
16π2
m2Z
v2
{
c2WB5(p
2, mw, mw) +B5(p
2, mz, mh)
}
(A45)
ΠWWT (p
2) = − Nc
16π2
m2W
v2
{
(D − 2)4B22 + 4p2(B1 +B21)
}
(p2;mt, mb)
− Nc
16π2
m2W
v2
{
B5(p
2;mw, mz) +B5(p
2;mw, mh)
}
, (A46)
where we used the Passarino-Veltman functions[46] for the tensor coefficients of the loop
integrals, and we define B5(p
2;m1, m2) = A(m1)+A(m2)−4B22(p2;m1, m2). If and Qf are
the isospin quantum number and the electric charge of the fermion f . For example, If = 1/2
and Qf = 2/3 for f = t. Also, sW = sin θW , where θW is the weak-mixing angle. The 1PI
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tadpole contributions are calculated as
T 1PIh =
∑
f=t,b
{
− Nc
16π2
4Ncm
2
f
v
A(mf )
}
− 1
16π2
3λhhhA(mh). (A47)
The 1PI diagram contributions to the Higgs boson two-point function is obtained as
Π1PIhh (p
2) =
∑
f=t,b
[
− Nc
16π2
Ncm
2
f
v2
{
4A(mf) + (−2p2 + 8m2f )B0(p2;mf , mf)
}]
+
1
16π2
{
+(λhωω)
2B0(p
2;mω, mω) + 2(λhzz)
2B0(p
2;mz, mz)
+ 18(λhhh)
2B0(p
2;mh, mh)− 12λhhhhA(mh)
}
. (A48)
b. The hZZ form factors
The 1PI diagrams of the top-loop contribution to MhZZ1 (p
2
1, p
2
2, q
2) is calculated as
MhZZ1 (p
2
1, p
2
2, q
2) =
+
1
16π2
32Ncm
2
fm
2
Z
v3
[{
1
2
I2f − IfQfs2W + Q2fs4W
}{
2p21C21 + 2p
2
2C22 + 4p1p2C23
+2(D − 2)C24 + (3p21 + p1p2)C11 + (3p1p2 + p22)C12 + (p21 + p1p2)C0
}
+
(
IfQfs
2
W −Q2fs4W
){
p21C21 + p
2
2C22 + 2p1p2C23 +DC24
+(p21 + p1p2)C11 + (p1p2 + p
2
2)C12 +m
2
fC0
}]
(p21, p
2
2, q
2;mf , mf , mf )
+
1
16π2
m2Z
v2
[
2 cos2 2θWλhw+w−B0(q;mw±, mw±) + 2λhzzB0(q;mz, mz)
+6λhhhB0(q;mh, mh)− 8 cos2 2θWλhw+w−C24(p21, p22, q2;mw±, mw±, mw±)
−8λhzzC24(p21, p22, q2;mz, mh, mz)− 24λhhhC24(p21, p22, q2;mh, mz, mh)
]
, (A49)
MhZZ2 (p
2
1, p
2
2, q
2) =
− 1
16π2
32Ncm
2
fm
4
Z
v3
[{
1
2
I2f − IfQfs2W +Q2fs4W
}{
4C23 + 3C12 + C11 + C0
}
+
(
IfQfs
2
W −Q2fs4W
) {
C11 − C12
}]
(p21, p
2
2, q
2;mf , mf , mf )
+
1
16π2
m4Z
v2
[
− 8 cos2 2θWλhw+w−C1223(p21, p22, q2;mw±, mw±, mw±)
−8λhzzC1223(p21, p22, q2;mz, mh, mz)− 24λhhhC1223(p21, p22, q2;mh, mz, mh)
]
, (A50)
where C1223 = C12 + C23, and
MhZZ3 (p
2
1, p
2
2, q
2) =
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− 1
16π2
32Ncm
2
fm
4
Z
v3
(
1
2
I2f − IfQfs2W
){
C12 − C11 − C0
}
(p21, p
2
2, q
2;mf , mf , mf).(A51)
c. The 1PI hhh form factor
The 1PI top-loop contribution to the hhh coupling is calculated as
Γ1PIhhh(p
2
1, p
2
2, q
2) =
−
∑
f=t,b
[
1
16π2
8Ncm
4
f
v3
{
3
(
p21C21 + p
2
2C22 + 2p1p2C23 +DC24
)
+
(
4p21 + 2p1p2
)
C11
+
(
2p22 + 4p1p2
)
C12 +
(
m2f + p
2
1 + p1p2
)
C0
}]
(p21, p
2
2, q
2;mf , mf , mf )
+
1
16π2
[
+2λhw+w−λhhw+w−
{
B0(q
2;mw±, mw±) +B0(p
2
1;mw±, mw±) +B0(p
2
2;mw±, mw±)
}
−2λ3hw+w−C0(p21, p22, q2;mw±, mw±, mw±)
+4λhzzλhhzz
{
B0(q
2;mz, mz) +B0(p
2
1;mz, mz) +B0(p
2
2;mz, mz)
}
−4λ3hzzC0(p21, p22, q2;mz, mz, mz)
+72λhhhλhhhh
{
B0(q
2;mh, mh) +B0(p
2
1;mh, mh) +B0(p
2
2;mh, mh)
}
−108λ3hhhC0(p21, p22, q2;mh, mh, mh)
]
. (A52)
APPENDIX B: IN THE TWO HIGGS DOUBLET MODEL
The kinetic and mass terms of the bare Higgs Lagrangian is written in terms of the
renormalized quantities and the counter-term parameters as
LHiggs → LHiggs
+δThh + δTHH
+
1
2
{
(p2 −m2h)δZh − δm2h +
sin2 α
cos β
δT1
v
+
cos2 α
sin β
δT2
v
}
h2
+
1
2
{
(p2 −m2H)δZH − δm2H +
cos2 α
cos β
δT1
v
+
sin2 α
sin β
δT2
v
}
H2
+
{
(2p2 −m2h −m2H)δCh − (m2H −m2h)δα
+cosα sinα
(
− 1
cos β
δT1
v
+
1
sin β
δT2
v
)}
Hh
+
1
2
{
p2δZz + cos β
δT1
v
+ sin β
δT2
v
}
z2
+
1
2
{
(p2 −m2A)δZA − δm2A
39
+(
sin2 β
cos β
− cos β + 1
cos β
)
δT1
2v
+
(
cos2 β
sin β
− sin β + 1
sin β
)
δT2
2v
}
A2
+
{
(2p2 −m2A)δCA +m2Aδβ − sin β
δT1
v
+ cos β
δT2
v
}
zA
+
{
p2δZw± + cos β
δT1
v
+ sin β
δT2
v
}
w+w−
+
{
(p2 −m2H±)δZH± − δm2H±
+
(
sin2 β
cos β
− cos β + 1
cos β
)
δT1
2v
+
(
cos2 β
sin β
− sin β + 1
sin β
)
δT2
2v
}
H+H−
+
{
(2p2 −m2H±)δCH+ +m2H±δβ − sin β
δT1
v
+ cos β
δT2
v
}
(w+H− +H+w−),(B1)
where
δT1 = cosαδTH − sinαδTh, (B2)
δT2 = sinαδTH + cosαδTh. (B3)
1. One- and two-point functions
The explicit expressions for the relevant 1PI diagrams are given in terms of the Passarino-
Veltman functions[46] below. The Yukawa couplings are assumed to be of the Model II
THDM[21].
ΠZZT (p
2) = − Nc
16π2
16m2Z
v2
[
(
1
2
I2f − IfQfs2W +Q2fs4W )
{
(D − 2)B22 + p2(B1 + B21)
}
+ (If −Qfs2W )Qfs2Wm2fB0
]
(p2, mf , mf)
− Nc
16π2
m2Z
v2
{
c2WB5(p
2, mw, mw) +B5(p
2, mz, mh)
}
, (B4)
ΠWWT (p
2) = − Nc
16π2
m2W
v2
{
(D − 2)4B22 + 4p2(B1 +B21)
}
(p2;mt, mb)
− Nc
16π2
m2W
v2
{
B5(p
2;mw, mz) +B5(p
2;mw, mh)
}
. (B5)
T 1PIh = −
Nc
16π2
4m2t
v
cosα
sin β
A(mt) +
Nc
16π2
4m2b
v
sinα
cos β
A(mb)
− 1
16π2
{λhH+H−A(mH±) + λhAAA(mA) + 3λhhhA(mh) + λhHHA(mH)} , (B6)
T 1PIH = −
Nc
16π2
4m2t
v
sinα
sin β
A(mt)− Nc
16π2
4m2b
v
cosα
cos β
A(mb)
− 1
16π2
{λHH+H−A(mH±) + λHAAA(mA) + λHhhA(mh) + 3λHHHA(mH)} .(B7)
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Π1PIhh (p
2) = − Nc
16π2
[
m2t
v2
cos2 α
sin2 β
{
4A(mt) + (−2p2 + 8m2t )B0(p2;mt, mt)
}
+
m2b
v2
sin2 α
cos2 β
{
4A(mb) + (−2p2 + 8m2b)B0(p2;mb, mb)
}]
+
1
16π2
{
+(λhH+H−)
2B0(p
2;mH± , mH±) + 2(λhw+H−)
2B0(p
2;mw±, mH±)
+(λhw+w−)
2B0(p
2;mw±, mw±)− 2λhhH+H−A(mH±)
+(λhAA)
2B0(p
2;mA, mA) + 2(λhzA)
2B0(p
2;mz, mA)
+(λhzz)
2B0(p
2;mz, mz)− 2λhhAAA(mA)
+(λhHH)
2B0(p
2;mH , mH) + 4(λhhH)
2B0(p
2;mh, mH)
+18(λhhh)
2B0(p
2;mh, mh)− 12λhhhhA(mh)− 2λhhHHA(mH)
}
, (B8)
Π1PIhH (p
2) = − Nc
16π2
[
m2t
v2
sinα cosα
sin2 β
{
4A(mt) + (−2p2 + 8m2t )B0(p2;mt, mt)
}
−m
2
b
v2
sinα cosα
sin2 β
{
4A(mb) + (−2p2 + 8m2b)B0(p2;mb, mb)
}]
+
1
16π2
{
+λhH+H−λHH+H−B0(p
2;mH±, mH±) + 2λhw+H−λHw+H−B0(p
2;mw±, mH±)
+λhw+w−λHw+w−B0(p
2;mw±, mw±)− λhHH+H−A(mH±)
+2λhAAλHAAB0(p
2;mA, mA) + λhzAλHzAB0(p
2;mz, mA)
+2λhzzλHzzB0(p
2;mA, mA)− λhHAAA(mA)
+6λhHHλHHHB0(p
2;mH , mH) + 4λhhHλhHHB0(p
2;mh, mH)
+6λhhhλhhHB0(p
2;mh, mh)− 3λhhhHA(mh)− 3λhHHHA(mH)
}
. (B9)
Π1PIzA (p
2) = − Nc
16π2
[
m2t
v2
cot β
{
4A(mt)− 2p2B0(p2;mt, mt)
}
+
m2b
v2
tanβ
{
4A(mb)− 2p2B0(p2;mb, mb)
}]
+
1
16π2
{−λzAH+H−A(mH±)
+2λHzAλHAAB0(p
2;mA, mH) + 2λhzAλhAAB0(p
2;mA, mh)− 3λzAAAA(mA)
+2λHzzλHzAB0(p
2;mz, mH) + 2λhzzλhzAB0(p
2;mz, mh)
−λHHzAA(mH)− λhhzAA(mh)} . (B10)
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a. The Z-A mixing
The expression of the form factor ΓZA of the Z-A mixing is given as
ΓZA = i
1
16π2
{
−mZ
v
cos(α− β)λhAA(2B1 +B0)(p2;mh, mA)
−mZ
v
sin(α− β)λHAA(2B1 +B0)(p2;mH , mA)
+
mZ
v
sin(α− β)λhzA(2B1 +B0)(p2;mh, mz)
−mZ
v
cos(α− β)λHzA(2B1 +B0)(p2;mH , mz)
+
∑
q
Nc
4mZmq
v
cAqq¯IqB0(p
2;mq, mq)
}
, (B11)
where Iq is the iso-spin of the quark q, cAtt¯ = −mtv cotβ and cAbb¯ = −mbv tan β in the Model
II THDM, and the Higgs self-couplings λhAA λHAA λhzA and λHzA are listed in Appendix E.
2. The hZZ vertex
The explicit expressions for the 1PI diagrams of the form factors of the hZZ vertex are
given in terms of the Passarino-Veltman functions[46] by
MhZZ1 (p
2
1, p
2
2, q
2) =
+
1
16π2
32Ncm
2
fm
2
Z
v3
chff¯
[{
1
2
I2f − IfQfs2W +Q2fs4W
}{
2p21C21 + 2p
2
2C22 + 4p1p2C23
+2(D − 2)C24 + (3p21 + p1p2)C11 + (3p1p2 + p22)C12 + (p21 + p1p2)C0
}
+
(
IfQfs
2
W −Q2fs4W
){
p21C21 + p
2
2C22 + 2p1p2C23 +DC24
+(p21 + p1p2)C11 + (p1p2 + p
2
2)C12 +m
2
fC0
}]
(p21, p
2
2, q
2;mf , mf , mf )
+
1
16π2
m2Z
v2
[
2 cos2 2θWλhH+H−B0(q;mH±, mH±)
+2 cos2 2θWλhw+w−B0(q;mw±, mw±)
+2λhAAB0(q;mA, mA) + 2λhzzB0(q;mz, mz)
+6λhhhB0(q;mh, mh) + 2λhHHB0(q;mH , mH)
−8 cos2 2θWλhH+H−C24(p21, p22, q2;mH±, mH±, mH±)
−8 cos2 2θWλhw+w−C24(p21, p22, q2;mw±, mw±, mw±)
−8 sin2(α− β)
{
λhzzC24(p
2
1, p
2
2, q
2;mz, mh, mz) + λhAAC24(p
2
1, p
2
2, q
2;mA, mH , mA)
42
+λhHHC24(p
2
1, p
2
2, q
2;mH , mA, mH) + 3λhhhC24(p
2
1, p
2
2, q
2;mh, mz, mh)
}
−8 cos2(α− β)
{
λhAAC24(p
2
1, p
2
2, q
2;mA, mh, mA) + λhzzC24(p
2
1, p
2
2, q
2;mz, mH , mz)
+λhHHC24(p
2
1, p
2
2, q
2;mH , mz, mH) + 3λhhhC24(p
2
1, p
2
2, q
2;mh, mA, mh)
}
+4 cos(α− β) sin(α− β)
{
λhzAC24(p
2
1, p
2
2, q
2;mz, mh, mA) + λhzAC24(p
2
1, p
2
2, q
2;mA, mh, mz)
−λhzAC24(p21, p22, q2;mz, mH , mA)− λhzAC24(p21, p22, q2;mA, mH , mz)
+2λhhHC24(p
2
1, p
2
2, q
2;mh, mz, mH) + 2λhhHC24(p
2
1, p
2
2, q
2;mH , mz, mh)
−2λhhHC24(p21, p22, q2;mh, mA, mH)− 2λhhHC24(p21, p22, q2;mH , mA, mh)
} ]
, (B12)
MhZZ2 (p
2
1, p
2
2, q
2) =
− 1
16π2
32Ncm
2
fm
4
Z
v3
chff¯
[{
1
2
I2f − IfQfs2W + Q2fs4W
}{
4C23 + 3C12 + C11 + C0
}
+
(
IfQfs
2
W −Q2fs4W
){
C11 − C12
}]
(p21, p
2
2, q
2;mf , mf , mf)
+
1
16π2
m4Z
v2
[
− 8 cos2 2θWλhH+H−C1223(p21, p22, q2;mH±, mH±, mH±)
−8 cos2 2θWλhw+w−C1223(p21, p22, q2;mw±, mw±, mw±)
−8 sin2(α− β)
{
λhzzC1223(p
2
1, p
2
2, q
2;mz, mh, mz) + λhAAC1223(p
2
1, p
2
2, q
2;mA, mH , mA)
+λhHHC1223(p
2
1, p
2
2, q
2;mH , mA, mH) + 3λhhhC1223(p
2
1, p
2
2, q
2;mh, mz, mh)
}
−8 cos2(α− β)
{
λhAAC1223(p
2
1, p
2
2, q
2;mA, mh, mA) + λhzzC1223(p
2
1, p
2
2, q
2;mz, mH , mz)
+λhHHC1223(p
2
1, p
2
2, q
2;mH , mz, mH) + 3λhhhC1223(p
2
1, p
2
2, q
2;mh, mA, mh)
}
+4 cos(α− β) sin(α− β)
{
λhzAC1223(p
2
1, p
2
2, q
2;mz, mh, mA) + λhzAC1223(p
2
1, p
2
2, q
2;mA, mh, mz)
−λhzAC1223(p21, p22, q2;mz, mH , mA)− λhzAC1223(p21, p22, q2;mA, mH , mz)
+2λhhHC1223(p
2
1, p
2
2, q
2;mh, mz, mH) + 2λhhHC1223(p
2
1, p
2
2, q
2;mH , mz, mh)
−2λhhHC1223(p21, p22, q2;mh, mA, mH)− 2λhhHC1223(p21, p22, q2;mH , mA, mh)
} ]
, (B13)
MhZZ3 (p
2
1, p
2
2, q
2) =
− 1
16π2
32Ncm
2
fm
4
Z
v3
chff¯
(
1
2
I2f − IfQfs2W
){
C12 − C11 − C0
}
(p21, p
2
2, q
2;mf , mf , mf),
(B14)
where chtt¯ = cosα/ sinβ and chbb¯ = − sinα/ cos β in the Model II THDM, and the each
coupling constant of Higgs bosons is listed in Appendix E.
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3. The 1PI hhh form factor
The explicit expression for the 1PI diagrams of the hhh form factor is given in terms of
the Passarino-Veltman functions[46] by
Γ1PIhhh(p
2
1, p
2
2, q
2) =
−
∑
f=t,b
[
1
16π2
8Ncm
4
f
v3
c3hff¯
{
3
(
p21C21 + p
2
2C22 + 2p1p2C23 +DC24
)
+
(
4p21 + 2p1p2
)
C11
+
(
2p22 + 4p1p2
)
C12 +
(
m2f + p
2
1 + p1p2
)
C0
}]
(p21, p
2
2, q
2;mf , mf , mf)
+
1
16π2
[
2λhH+H−λhhH+H−
{
B0(q
2;mH±, mH±) +B0(p
2
1;mH±, mH±)
+B0(p
2
2;mH±, mH±)
}
+4λhw+H−λhhw+H−
{
B0(q
2;mw±, mH±) +B0(p
2
1;mw±, mH±) +B0(p
2
2;mw±, mH±)
}
+2λhw+w−λhhw+w−
{
B0(q
2;mw±, mw±) +B0(p
2
1;mw±, mw±) +B0(p
2
2;mw±, mw±)
}
−2λ3hH+H−C0(p21, p22, q2;mH±, mH±, mH±)
−2λhH+H−λ2hw+H−
{
C0(p
2
1, p
2
2, q
2;mH±, mH±, mw±)
+C0(p
2
1, p
2
2, q
2;mH± , mw±, mH±) + C0(p
2
1, p
2
2, q
2;mw±, mH± , mH±)
}
−2λhw+w−λ2hw+H−
{
C0(p
2
1, p
2
2, q
2;mH± , mw±, mw±)
+C0(p
2
1, p
2
2, q
2;mw±, mH± , mw±) + C0(p
2
1, p
2
2, q
2;mw±, mw±, mH±)
}
−2λ3hw+w−C0(p21, p22, q2;mw±, mw±, mw±)
+4λhAAλhhAA
{
B0(q
2;mA, mA) +B0(p
2
1;mA, mA) +B0(p
2
2;mA, mA)
}
+2λhzAλhhzA
{
B0(q
2;mz, mA) +B0(p
2
1;mz, mA) +B0(p
2
2;mz, mA)
}
+4λhzzλhhzz
{
B0(q
2;mz, mz) +B0(p
2
1;mz, mz) +B0(p
2
2;mz, mz)
}
−4λ3hAAC0(p21, p22, q2;mA, mA, mA)
−2λhAAλ2hzA
{
C0(p
2
1, p
2
2, q
2;mA, mA, mz)
+C0(p
2
1, p
2
2, q
2;mA, mz, mA) + C0(p
2
1, p
2
2, q
2;mz, mA, mA)
}
−2λhzzλ2hzA
{
C0(p
2
1, p
2
2, q
2;mA, mz, mz)
+C0(p
2
1, p
2
2, q
2;mz, mA, mz) + C0(p
2
1, p
2
2, q
2;mz, mz, mA)
}
−4λ3hzzC0(p21, p22, q2;mz, mz, mz)
+4λhHHλhhHH
{
B0(q
2;mH , mH) +B0(p
2
1;mH , mH) +B0(p
2
2;mH , mH)
}
44
+12λhhHλhhhH
{
B0(q
2;mh, mH) +B0(p
2
1;mh, mH) +B0(p
2
2;mh, mH)
}
+72λhhhλhhhh
{
B0(q
2;mh, mh) +B0(p
2
1;mh, mh) +B0(p
2
2;mh, mh)
}
−108λ3hhhC0(p21, p22, q2;mh, mh, mh)
−24λhhhλ2hhH
{
C0(p
2
1, p
2
2, q
2;mH , mh, mh)
+C0(p
2
1, p
2
2, q
2;mh, mH , mh) + C0(p
2
1, p
2
2, q
2;mh, mh, mH)
}
−8λhHHλ2hhH
{
C0(p
2
1, p
2
2, q
2;mH , mh, mH)
+C0(p
2
1, p
2
2, q
2;mH , mH , mh) + C0(p
2
1, p
2
2, q
2;mh, mH , mH)
}
−4λ3hHHC0(p21, p22, q2;mH , mH , mH)
]
, (B15)
where chtt¯ = cosα/ sinβ and chbb¯ = − sinα/ cos β in the Model II THDM, and the each
coupling constant of Higgs bosons is listed in Appendix E.
APPENDIX C: WAVE FUNCTION RENORMALIZATION
Let us consider the wave functions of h and H . The bare scalars satisfy
 h1B
h2B

 =

 cosαB − sinαB
sinαB cosαB



 HB
hB

 = R(αB)

 HB
hB

 . (C1)
We can write 
 HB
hB

 = R(−αB)

 h1B
h2B

 = R(−δα)R(−α)

 h1B
h2B


→ R(−δα)R(−α)Z˜

 h1
h2

 = R(−δα)Z

 H
h

 , (C2)
where Z˜ is a arbitrary real symmetric matrix, so that
Z = R(−α)Z˜R(α) ≡

 Z1/2HH Z1/2Hh
Z
1/2
hH Z
1/2
hh

 (C3)
is also arbitrary symmetric (ZhH = ZHh). We may expand these elements by
ZHH = 1 + δZH + · · ·, (C4)
Zhh = 1 + δZh + · · ·, (C5)
ZHh = 0 + δCh + · · ·. (C6)
In this way, we obtain Eq. (43).
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APPENDIX D: PERTURBATIVE UNITARITY
The condition of perturbative unitarity has originally been discussed for the elastic scat-
tering of the longitudinally polarized gauge bosons and the Higgs boson by Lee, Quigg and
Thacker[33]. The channels W+L W
−
L , ZLZL, ZLh, hh are considered as the initial and final
states, and the condition in Eq. (101) with ξ = 1 is imposed to each eigenvalue of the 4× 4
S-matrix.
The extension to the THDM has been studied by several authors[34, 35]. The 14 channels,
W+L W
−
L ,W
+
L H
−, H+W−L , H
+H−, ZLZL, ZLA,AA,ZLh, ZLH,Ah,AH, hh, hH,HH, (D1)
have been taken into account, and the equivalence theorem[47, 48] has been employed to
evaluate the tree level S-wave amplitudes for each channel in Ref. [34]. The 14 eigenvalues
of the S-matrix are calculated and their expressions are given in terms of the Higgs coupling
constants by
a± =
1
16π
{
3
2
(λ1 + λ2)±
√
9
4
(λ1 − λ2)2 + (2λ3 + λ4)2
}
, (D2)
b± =
1
16π
{
1
2
(λ1 + λ2)±
√
1
4
(λ1 − λ2)2 + λ24
}
, (D3)
c± = d± =
1
16π
{
1
2
(λ1 + λ2)±
√
1
4
(λ1 − λ2)2 + λ25
}
, (D4)
e1 =
1
16π
(λ3 + 2λ4 − 3λ5) , (D5)
e2 =
1
16π
(λ3 − λ5) , (D6)
f+ =
1
16π
(λ3 + 2λ4 + 3λ5) , (D7)
f− =
1
16π
(λ3 + λ5) , (D8)
f1 = f2 =
1
16π
(λ3 + λ4) . (D9)
The perturbative unitarity condition is then expressed by
|a±|, |b±|, |c±|, |d±|, |e1,2|, |f±|, |f1,2| < ξ. (D10)
The condition in (D10) with the tree level mass formulas in Eqs. (26) to (30) constrains the
parameter space of the Higgs sector. The parameter ξ is taken to be 1/2 in our numerical
evaluation[21].
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APPENDIX E: HIGGS COUPLINGS IN THE THDM
Here, we list the Higgs boson self-coupling constants in the THDM, which are expressed
in terms of our input parameters.
1. Trilinear Higgs couplings
λhhh = − 1
4v sin 2β
[{
cos(3α− β) + 3 cos(α+ β)
}
m2h
−4 cos2(α− β) cos(α + β)M2
]
, (E1)
λhHH = −sin(α− β)
2v sin 2β
[
sin 2α(m2h + 2m
2
H)− (3 sin 2α + sin 2β)M2
]
, (E2)
λHhh = −cos(α− β)
2v sin 2β
[
sin 2α(2m2h +m
2
H)− (3 sin 2α− sin 2β)M2
]
, (E3)
λHHH =
1
4v sin 2β
[{
sin(3α− β)− 3 sin(α + β)
}
m2H
+4 sin2(α− β) sin(α+ β)M2
]
, (E4)
λhAA = − 1
4v sin 2β
[{
cos(α− 3β) + 3 cos(α+ β)
}
m2h
−4 sin 2β sin(α− β)m2A − 4 cos(α + β)M2
]
, (E5)
λHAA = − 1
4v sin 2β
[{
sin(α− 3β) + 3 sin(α + β)
}
m2H
+4 sin 2β cos(α− β)m2A − 4 sin(α+ β)M2
]
, (E6)
λhzz =
m2h
2v
sin(α− β), (E7)
λHzz = −m
2
H
2v
cos(α− β), (E8)
λhzA =
m2A −m2h
v
cos(α− β), (E9)
λHzA =
m2A −m2H
v
sin(α− β), (E10)
λhH+H− = − 1
2v sin 2β
[{
cos(α− 3β) + 3 cos(α+ β)
}
m2h
−4 sin 2β sin(α− β)m2H± − 4 cos(α+ β)M2
]
, (E11)
λHH+H− = − 1
2v sin 2β
[{
sin(α− 3β) + 3 sin(α + β)
}
m2H
47
+4 sin 2β cos(α− β)m2H± − 4 sin(α + β)M2
]
, (E12)
λhw+w− =
m2h
v
sin(α− β), (E13)
λHw+w− = −m
2
H
v
cos(α− β), (E14)
λhw+H− =
m2H± −m2h
v
cos(α− β), (E15)
λHw+H− =
m2H± −m2H
v
sin(α− β), (E16)
2. Quartic couplings
λhhhh = − 1
32v2 sin2 2β
[{
cos(3α− β) + 3 cos(α + β)
}2
m2h
+4 sin2 2α cos2(α− β)m2H − 4(cos 2α+ cos 2β)2M2
]
, (E17)
λhhhH = −sin 2α cos(α− β)
4v2 sin2 2β
[{
cos(3α− β) + 3 cos(α + β)
}
m2h
+2 sin 2α sin(α− β)m2H − 4 cos(α + β)M2
]
, (E18)
λhhHH = − 1
16v2 sin2 2β
[
sin 2α
{
6 sin 2α+ 3 sin(4α− 2β)− sin 2β
}
m2h
+ sin 2α
{
6 sin 2α− 3 sin(4α− 2β) + sin 2β
}
m2H
−2(2− 3 cos 4α+ cos 4β)M2
]
, (E19)
λzAAA = − 1
8v2 sin 2β
[{
3 cos 2α+ cos(2α− 4β) + 4 cos 2β
}
m2h
−
{
3 cos 2α + cos(2α− 4β)− 4 cos 2β
}
m2H − 8 cos 2βM2
]
, (E20)
λhhAA = − 1
32v2 sin2 2β
[{
9 + 3 cos 4α+ 6 cos(2α− 2β)
+ cos(4α− 4β) + 3 cos 4β + 10 cos(2α + 2β)
}
m2h
+2 sin 2β
{
3 sin 2α+ sin(2α− 4β) + 2 sin 2β
}
m2H
+16 sin2 2β sin2(α− β)m2A
+2
{
6 + cos(2α− 6β) + 2 cos(2α− 2β)
+2 cos 4β + 5 cos(2α + 2β)
}
M2
]
, (E21)
λhhzz =
1
16v2 sin 2β
[{
2 sin 2α + sin(4α− 2β)− 3 sin 2β)
}
m2h
48
−4 sin 2α cos2(α− β)m2H − 8 sin 2β cos2(α− β)(m2A −M2)
]
, (E22)
λhhzA = −cos(α− β)
4v2 sin 2β
[{
cos(3α− β) + 3 cos(α + β)
}
m2h + 2 sin 2α sin(α− β)m2H
+4 sin 2β sin(α− β)m2A − 4 cos 2β cos(α− β)M2
]
, (E23)
λHHzA = −sin(α− β)
4v2 sin 2β
[
2 sin 2α cos(α− β)m2h −
{
sin(3α− β)− 3 sin(α + β)
}
m2H
−4 sin 2β cos(α− β)m2A − 4 cos 2β sin(α− β)M2
]
, (E24)
λhhH+H− = − 1
16v2 sin2 2β
[{
9 + 3 cos 4α+ 6 cos(2α− 2β)
+ cos(4α− 4β) + 3 cos 4β + 10 cos(2α+ 2β)
}
m2h
+
{
3− 3 cos 4α+ 2 cos(2α− 2β)
− cos(4α− 4β) + cos 4β − 2 cos(2α+ 2β)
}
m2H
+16 sin2(α− β) sin2 2βm2H±
−2
{
6 + cos(2α− 6β) + 2 cos(2α− 2β)
+2 cos 4β + 5 cos(2α + 2β)
}
M2
]
, (E25)
λhhw+w− =
1
8v2 sin 2β
[{
2 sin 2α + sin(4α− 2β)− 3 sin 2β
}
m2h − 4 sin 2α cos2(α− β)m2H
−8 sin 2β cos2(α− β)(m2H± −M2)
]
, (E26)
λhhw+H− = −cos(α− β)
4v2 sin 2β
[{
cos(3α− β) + 3 cos(α + β)
}
m2h + 2 sin 2α sin(α− β)m2H
+4 sin 2β sin(α− β)m2H± − 4 cos 2β cos(α− β)M2
]
, (E27)
λhHH+H− = − 1
4v2 sin2 2β
[
sin 2α
{
3 cos 2α+ cos(2α− 4β) + 4 cos 2β
}
m2h
+ sin 2α
{
− 3 cos 2α− cos(2α− 4β) + 4 cos 2β
}
m2H
−4 sin2 2β sin(2α− 2β)m2H±
−4
{
2 sin 2α cos3 2β + sin2 2β sin(2α+ 2β)
}
M2
]
, (E28)
λzAH+H− = − 1
4v2 sin 2β
[{
3 cos 2α+ cos(2α− 4β) + 4 cos 2β
}
m2h
−
{
3 cos 2α + cos(2α− 4β)− 4 cos 2β
}
m2H − 8 cos 2βM2
]
. (E29)
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